(N 



> 

in 



U 



Locally compact quantum groups in the universal 

setting 



On 

^\ . Johan Kustermans 

Department of Mathematics 
r^i ■ University College Cork 

Western Road 

Cork 

Ireland 

e-mail : johank@ucc.ie 



< 

q 

^ ■ January 1999 

03 



Abstract 

In this paper we associate to every reduced C*-algebraic quantum group (^4, A) (as defined in ]18[) 
a universal C*-algebraic quantum group (A^, A u ). We fine tune a proof of Kirchberg to show that 
every *-representation of a modified //-space is generated by a unitary corepresentation. By taking 
the universal enveloping C*-algebra of a dense sub "-algebra of A we arrive at the C*-algebra A u . 
We show that this C*-algebra A u carries a quantum group structure which is as rich as its reduced 
irT ' companion. 

o3 

Introduction 

In 1977, S.L. Woronowicz proposed the use of the C*-language to axiomatize quantizations of locally 
^ compact quantum groups. This approach was very successful in the compact case ( Q , |lCj , Q ) and 

the discrete case ( Q , [|7| , [jll] ) . In both cases the existence of the Haar weights could be proven from a 
simple set of axioms. The situation for the general non-compact however is less satisfactory. At present, 
there is still no general definition for a locally compact quantum group in which the existence of the Haar 
weights is not one of the axioms of the proposed definition. 

The first attempt to axiomatize locally quantum groups aimed at enlarging the category of locally compact 
quantum groups in such a way that it contains locally compact groups and the reduced group C*-algebras. 
A complete solution for this problem was found independently by M. Enock & J.-M. Schwarz and by 
Kac & Vainermann (see |1J] for a detailed account). The resulting objects are called Kac algebras and 
their definition was formulated in the von Neumann algebra framework. For quite a time, the main 
disadvantage of this theory lay in the fact that there was a lack of interesting examples aside from the 
groups and group duals. 

S.L. Woronowicz constructed in El quantum SU(2), an object which has all the right properties to be 
called a compact quantum group but does not fit into the framework of Kac algebras. In subsequent 
papers (Q,[^0|), S.L. Woronowicz developed the axiom scheme for compact quantum groups. In contrast 
to the Kac algebra theory, quantum SU(2) fitted into this category of compact quantum groups. 
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The main difference between compact Kac algebras and compact quantum groups according to Woronow- 
icz lies in the fact that the antipode of the Kac algebra is an automorphism while in the approach of 
Woronowicz, it can be unbounded (as it is the case for quantum SU(2)). 

It was Kirchberg ([[l3|) who proposed a generalized axiom scheme for quantum groups in which the 
antipode was unbounded but in which the antipode could be decomposed in an automorphism and 
an unbounded operator generated by a one-parameter group. This decomposition is called the polar 
decomposition of the antipode. This polar decomposition appeared for the compact case in Q. The 
general case was treated in the von Neumann algebra setting in plf by Masuda & Nakagami. The main 
problem of their proposed definition of a quantum group lies in the complexity of the axioms. 
In p8[ , the author and S.Vaes propose a relatively simple definition of a locally compact quantum group 
in its reduced form, i.e. in the form for which the Haar weights are faithful. We start of with a C*- 
algebra with a comultiplication satisfying some density conditions and assume the existence of a faithful 
left invariant weight and a right invariant weight satisfying some kind of KMS condition. From these 
axioms, we are able to construct the antipode and its polar decomposition, prove the uniqueness of the 
Haar weights and construct the modular element. In short, we prove that the polar decomposition of the 
antipode is a consequence of some natural KMS assumptions on the Haar weights. 

All the general axiom schemes considered above (except for the compact quantum groups by S.L. 
Woronowicz) are stated in the reduced setting. In this setting the von Neumann algebra approach and 
the C*-algebra approach are equivalent and are in fact nothing else but two different ways a quantum 
group can present itself. 

A quantum group can present itself in a third natural way, the universal way. In this case, one starts with 
a reduced locally compact quantum group (A, A). Then one considers a natural dense sub *-algebra B 
inside A and proves that this *-algebra has a universal enveloping C*-algebra A u . The aim of this paper 
is to show that this universal C*-algebra A u carries a quantum group structure which is as rich on the 
analytical level as the reduced companion A. However, in this universal setting, the Haar weights do not 
have to be faithful. In return,we get the existence of a bounded counit. 

In considering the universal dual of a quantum group (as opposed to its reduced dual), one is able to 
get a bijection between non-degenerate *-representations of this universal dual and the unitary corepre- 
sentations of the original quantum group. This difference between reduced and universal duals is a mere 
generalization of the difference between the reduced and universal group C*-algebras of a locally compact 
group. 

The paper is organized as follows. In the first section, we fine tune a proof of Kirchberg to prove that every 
■"-representation of a modified T^-space of A is generated by a unitary corepresentation of (A, A). In the 
second section we introduce the comultiplication A u and counit e u in the standard way (see |2(| ) . We also 
construct the universal corepresentation of (A a , A u ). The third section revolves around a procedure to 
lift automorphism on A commuting with A from the reduced to the universal level. The Haar weights of 
{A a , A u ) are introduced in section 4. In section 5, we construct the antipode and its polar decomposition. 
In section 6, we lift the modular clement from the reduced to the universal level. 



Notations and conventions 

For any subset A of a Banach space E, we denote the linear span by (A), its closed linear span by [A]. 
If / is set, F(I) will denote the set of finite subsets of /. We turn it into a directed set by inclusion. 

All tensor products between C*-algebras in this paper are minimal ones. This implies that the tensor 
product functionals separate points of the tensor product (and also of its multiplier algebra). The 



completed tensor products will be denoted by 0. For the tensor product of von Neumann algebras, we 
use the notation ® . The flip operator on the tensor product of an algebra with itself will be denoted by 
X- 

The multiplier algebra of a C*-algebra A will be denoted by M(A). 

Consider two C*-algebras A and B and a linear map p : A — > M(B). We call p strict if it is norm bounded 

and strictly continuous on bounded sets. If p is strict, p has a unique linear extension p : M(A) — > M(B) 

which is strictly continuous on bounded sets (see proposition 7.2 of Cq]). The resulting p is norm bounded 

and has the same norm as p. For a £ M(A), we put p(a) = p(a). 

Given two strict linear mappings p : A — > M(B) and rj : B —>■ M{C), we define a new strict linear map 

r\ p : A — > M(C) by r) p = fj o p. The two basic examples of strict linear mappings are 

• Continuous linear functionals on a C*-algebra. 

• Non-degenerate *-homomorphism. Recall that a *-homomorphism n : A — > M{B) is called non- 
degenerate <^» £ = [ 7r(o) 6 | a e A, 6 e B ] . 

All strict linear mappings in this paper will arise as the tensor product of continuous functionals and/or 
non-degenerate *-homomorphisms. 

For u> £ A* and a £ M(A), we define new elements auj and uj a belonging to A* such that (aui)(x) = ui{xa) 
and (u>a)(x) = uj(ax) for x £ A. 

We also define a functional uj £ A* such that uJ(x) — lo(x*) for all x £ A. (Sometimes, ZZJ will denote the 
closure of a densely defined bounded functional, but it will be clear from the context what is precisely 
meant by u;) . 

If A and B are C*-algebras, then the tensor product M(A) ® M(B) is naturally embedded in M(A®B). 

We will make extensive use of the leg numbering notation. Let us give an example to illustrate it. 

Consider three C*-algebras A,B and C. Then there exists a unique non-degenerate *-homomorphism 

6 : A ® C — > M(^4 ® B <g> C) such that 0(a ® c) = a ® 1 ® c for all a £ A and c£ C. 

For any element a; £ M{A (g> C), we define X13 = 0(x) £ M(A ® B®C). It will be clear from the context 

which C*-algebra B is under consideration. 

If we have another C*-algebra D and a non-degenerate *-homomorphism A : D — ► M(A (g> C), we define 

the non-degenerate *-homomorphism A13 : Z? — > M(^4(g)i3(8)C) such that A 13(d) = A(d)i3 for all d £ D. 

In this paper, we will also use the notion of a Hilbert C*-module over a C*-algebra A. For an excellent 
treatment of Hilbert C*-modules, we refer to [ p0| . 

If E and F are Hilbert C*-modules over the same C*-algebra, C(E, F) denotes the set of adjointable 
operators from E into F. When A is a C "-algebra and H is a Hilbert space, A (8) H will denote the 
Hilbert space over A, which is a Hilbert C*-module over A. 

For the notion of elements affiliated to a C*-algebra A, we refer to Q, p2| and [g(J (these affiliated 
elements are a generalization of closed densely defined operators in a Hilbert space). For these affiliated 
elements, there exist notions of self adjointness, positivity and a functional calculus similar to the notions 
for closed operators in a Hilbert space. We collected some extra results concerning the functional calculus 
in |l7jl . Self adjointness will be considered as a part of the definition of positivity. If 6 is a positive element 
affiliated to a C*-algebra A, S is called strictly positive if and only if it has dense range. For such an 
element S, functional calculus allows us to define for every z £ C the power 5 Z , which is again affiliated 
to A (see definition 7.5 of 0). 

Let H be a Hilbert space. The space of bounded operators on H will be denoted by B(H), the space of 

compact operators on H by B (H). Notice that M(B (Hj) = B{H). 

Let A and B be C*-algebras and it a non-degenerate representation of A on H . Consider also oj £ Bq(H)* . 



For a £ M(A), we will use the notation w(a) := w(7r(a)) £ C. For x £ M{A <g> B), we use the notation 
(w<8)i)(x) := (w <8> i)((n ® t){x)) £ M{B). 

Consider a C*-algebra A and a mapping a : R — > Aut(A) (where Aut(A) is the set of *-automorphisms 
of A) such that 

1. a s at = a s +t for all t £ R. 

2. We have for all a € A that the function 1R — > A : i — > a t (a) is norm continuous. 

Then we call a a norm continuous one-parameter group on A. It is then easy to prove that the mapping 
R — ► M(A) : 1 1— » a< (a) is strictly continuous. 

There is a standard way to define for every z £ C a closed densely defined linear multiplicative operator 
a z in ^4: 

• The domain of a z is by definition the set of elements x £ A such that there exists a function / from 
S(z) into A satisfying 

1. /is continuous on S(z) 

2. / is analytic on S(z)° 

3. We have that at(x) = /(£) for every tgR 

• Consider a; in the domain of a z and / the unique function from S(z) into A such that 

1. / is continuous on S(z) 

2. / is analytic on S(z)° 

3. We have that at(x) = /(£) for every teR 

Then we have by definition that a z (x) — f(z). 
where S(z) denotes the strip { y £ C | Imy £ [0, Imz] } 

The mapping a z is closable for the strict topology in M(A) and we define the strict closure of a z in 
M(A) by a z . For a £ D(a z ), we put a z (a) := a z (a). 

Using the strict topology on M(A), a z can be constructed from the mapping R — ► A\xt(M (A)) : t —>a~t 
in a similar way as a z is constructed from a. (See pi or [n0[, where they used the results in JTj to prove 
more general results.) 

We refer to section 1 of pl| for an overview of the necessary weight theory on C*-algebras. Proper weights 
are by definition lower semi-continuous weights which are non-zero and densely defined. 

Let A be a C*-algebra and A : A — > M(A g4)a non-degenerate *-homomorphism such that (A <g> t)A = 
(t ® A)A. Then we call (A, A) a bi-C*-algebra. 
Consider a proper weight ip on A. Then 

• We call if left invariant <$ We have for all a £ M.^, and u £ A* + that y((a; ® t)A(a)) = w(l) y(a). 

• We call (/5 right invariant <£=> We have for all a £ A4i and u £ A* + that ip((i®w)A(o)j = w(l) y(a)- 
For some extra information on invariant weights, we refer to section 2 & 3 of Jig]. 



1 Reduced locally compact quantum groups 

In this section, we recall the definition of a reduced locally compact qauntum group, as introduced in [ p.8| 
and list the most important properties of such a reduced quantum group. In a last part, we discuss the 
reduced dual of such a reduced quantum group. For a detailed exposition, we refer to jlq ]. 

Let us first start with the definition of a C*-algebraic quantum group. 

Definition 1.1 Consider a C* -algebra A and a non- degenerate * -homomorphism A : A — > M{A ® A) 
such that 

• (A(gu)A = (t® A)A. 

• A= [(w® t)A(a) \u E A*,ae A} = [(t®w)A(a) \tv £ A*,a£ A}. 
Assume moreover the existence of 

• A faithful left invariant approximate KMS weight ip on (A, A). 

• A right invariant approximate KMS weight ip on (A, A). 
Then we call (A, A) a reduced C* -algebraic quantum group. 

The weak KMS property is a weaker condition than the usual KMS property for a weight on a C*-algebra 
but it turns out that every proper left or right invariant weight on such a reduced C*-algebraic quantum 
group is automatically faithful and KMS. Moreover, proper left invariant weights are unique up to a 
scalar (and similarly for proper right invariant weights). 

For the rest of this paper, we will fix a reduced C*-algebraic quantum group (A, A) together with a 
faithful left invariant KMS weight tp on (A, A) such that there exists a GNS-construction (H, i, A) for ip 
(here i denotes the identity map of A). 

So we assume (for convenience purposes) that A acts on the GNS-space of its left Haar weight ip in a 
particular way. This is obviously not very essential. We let A denote the von Neumann algebra acting 
on H generated by A. 

Let us give a short overview of the main objects associated to our C*-algebraic quantum group {A, A): 
1. The antipode and its polar decomposition: 

The antipode S of [A, A) is a closed linear mapping in A determined by the following properties: 

• We have for all a, b € Af v that 

(t®<p)(A(a*)(l®b))€D(S) 

and 

S((l ® p){A(a*){l $ b))) = (tig) p)((l ® a*)A(b)) . 

• The set 

((ngi<p)(A(a*)(lig>&)) \a,beAf v ) 

is a core for S. 

There exists a unique *-antiautomorphism R on A and a unique norm continuous one-parameter group 
t on A such that 



• R 2 = t, 

• R and t commute, 

• S = Rr_ ± . 
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The pair i?, r is called the polar decomposition of S. The *-antiautomorphism R is called the unitary 
antipode of (A, A) and the one-parameter group r is called the scaling group of (^4, A). 

2. The Haar weights and their modular groups: 

The unitary antipode R satisfies the equality x(i? <g i?)A. So we can define the right invariant faithful 
KMS weight ip on (A, A) as -0 = </>#■ 

The modular group of tp is denoted by a, the modular group of ip is denoted by nr. These one-parameter 
groups are related by the formula at = Ra-tR for feR. 

The different relations between a, a and r are collected in the following list. 

• The automorphism groups a, a and r commute pairwise. 

• We have the following commutation relations for all t E R: 

A a t = (r t ®cr t )A A«r t = (> t <gT_ t )A 

Ar t = (Tt<g>Tt)A Ar t = (ct 4 (g) ar_ t )A 

• There exists a number v > such that 

(pert = v (p ip at = v~ l ip 

1pT t = V~ tr >\) (fTt = v~ l ip 

for all t e R. 

The number v is called the scaling constant of (A, A). It is not clear yet whether this number can be 
different from 1. 

3. The modular element: 

In the next part, we will use the terminology and notations of section 1.4 of |18| . There exists a unique 
strictly positive element 6 affiliated to A such that a t {5) — a t {8) — v l S for all t 6 R and ip = (pg. So 
sr t (x) = 5 U a t (x) 5~ u for all t € R and x e A. 

We use the equality ip = ips to define a GNS-construction (H, l, T) for ip such that T = Ag. 
Let us list some elementary properties of 6: 

• A(5) = (5® S 

• T t (6) = 5 for t e R and ij(5) = S' 1 . 

• Let t £ R. Then <5 4 * belongs to D(S) and 5(<5 lt ) = 8~ u . 

4. The multiplicative unitary: 

The multiplicative unitary W of (A, A) (in this particular GNS-construction (H, i, A)) is the unitary 
element in S(J? <g> F) such that VK(A (g A)(A(6)(a (g 1)) = A (a) <g A(6) for all a, b E J\f v . 
The operator W satisfies the Pentagonal equation: W12W13W23 = W2%Wi2- Moreover, it encodes all the 
information about (A, A) in the following way: 



• A= [(K8>w)(W) \ujeB (H)*}, 

• A(x) = W*(l x)VF for all x e A 

The main aim of this paper is to show that the 'universal' quantum group which is associated to (A, A) 
has this same rich analytical structure. 

Given such a reduced quantum group (A, A), there is a standard way to construct the dual (A, A) of 
(A, A). The pair (A, A) is again a reduced C*-algebraic quantum group and can be easily defined in 
terms of the multiplicative unitary: 

• A= [(w<8u)(W) |w6Sb(J?)*], 

• A(x) = TW{x <g> 1)W*E for all x € A, 

where £ denotes the flip map on H £g> H. The multiplicative unitary W belongs to M(A ® A). 

The symbols for the objects associated to the quantum group (A, A) (antipode, unitary antipodc,...) will 
be obtained by adding " to the symbol of the counterpart on the level of (A, A) (e.g. the scaling group 
of (A, A) will be denoted by f). 

Using the multiplicative unitary to define the dual somewhat hides the fact that the dual can be obtained 
from a construction which resembles the construction of the reduced group C*-algebra of a locally compact 
group. Let us strengthen the analogy with the group case by introducing the closed subspace ^(A) of 
A*: 

L 1 (A) = [a<pb* \a,beAf <p } = [u\ A \loeB(H)*] . 

The topological dual A* is a Banach algebra under the multiplication A* x A* —* A* : (to, 9) i— ► lo 9 given 
by (lo 9){x) = (to ® 9)A(x) for all u, 9 e A* and x e A. The set V-{A) is a two sided ideal in A*. 
We define the injective contractive algebra homomorphism A : A* — > M(A) such that \(u) = (u ® t)(VF) 
for w e L 1 ( J 4). Then A(L 1 ( J 4)) is a dense subalgebra of A. 

If 5 is unbounded, the algebra L l (A) does not carry an appropriate *-structure. It is however possible 
to find an subalgebra of L X (A) which carries a "-structure: 

Define the subspace L\(A) of ^(A) as 

LI(A) = {ujeL 1 {A) \39eL 1 {A) :9(x) =ZJ(S(x)) for all x E D(S) } . 

We define the antilinear mapping .* : L\(A) — > L\(A) such that w*(x) = ZJ(S(x)) for all w E L\(A) and 
a; € D(S). Then L»(A) is a subalgebra of i 1 ( J 4) and becomes a *-algebra under the operation .* 



2 The generator of the universal representation of the dual 

In the last part of the previous section, we introduced the *-algebra L\(A) as a sub algebra of L l (A). On 
this *-algebra, we introduce the natural norm ||.||* such that 

||w||* = max{||oj||, ||w*||} 

for all lo E L\(A) (where ||.|| denotes the norm on A*). It is then easy to check that L\(A) together with 
this norm ||.||* becomes a Banach *-algebra. Whenever we use topological concepts connected to L\{A) 
without further mention, we will always be working with the norm ||.||*. 



As a consequence, we can form the universal enveloping C*-algebra A u of L\ (A) . Recall that A u is formed 
in the following way. First one defines a norm ||.|| u on L\(A) such that 

||w|| u = sup{ ll$( w )ll I ® a *-representation of L\(A) on a Hilbert space} 

for all u) £ L\(A) (because A is an injective * -representation, one gets a norm and not merely a semi- 
norm) . 

In a next step , one defines A u to be a completion of L\ ( A) with respect to this norm 1 1 . 1 1 u . The embedding 
of L\(A) into A u will be denoted by A u . Then the pair (A u , A u ) is (up to a "-isomorphism) determined 
by the following universal property: 

Let C be any C*-algebra and 9 : L\(A) — > C a "-representation. Then there exists a unique *- 
homomorphism 9 U : A u — > C such that 9 U A u = 9. 

By choosing the completion A u in the right way, we can assume that A^ acts on a Hilbert space H u . 

In this section, we will prove the existence of a unitary element V £ M(A<g>A u ) such that A u (w) = (w<8>i) (V) 
for all u) £ L\(A) (V is called the generator for A u ). This will immediately imply that a similar property 
holds for any "-representation of L\(A). 

This result was proven by Kirchberg for Kac algebras and a careful analysis of his proofs shows that 
they can be easily transformed to proofs of the result in the general quantum group case. In the rest of 
this section we will give the transformed proofs and indicate what had to be changed to them. We will 
essentially follow the discussion in sections 1.4 and 3.1 of p2| . 

The main 'problem' in transforming the proofs from the Kac algebra setting to the general quantum 
group setting stems from the following fact. 

In the Kac algebra framework, we have that L\(A) = L l (A) as Banach spaces and this is not the case in 
the general quantum group setting. But we know that L X (A) is isomorphic to the predual .A* implying 
that L X {A)* is isomorphic to A. In section 1.4 of p2|] , the product in A is then used to define the 
Kronecker product between two "-representations of L\(A). 

If £ A*, we know in general a priori only that 9X U in L\(A)* , it is not clear that 9X U can be extended 
to an element in L 1 (A)* and in this way give rise to an element in A (once we have the generator V at 
our disposal, this is obvious). 

But it will turn out that in order to define the Kronecker product A x A u (which will be sufficient to prove 
the existence of the generator) , it is enough to define a module action of a well-behaved subset of A on 

Ll(A)*. 

Lemma 2.1 Consider uj £ L\{A) and x £ D(S). Then 

1. lox and xu) belong to L\(A). 

2. {ujx)* = uo*S(x)* and (xu)* = S(x)*u>. 

3. ||w*||*, ||xw||* < max{||x||, ||S(x)||} ||w||*. 

Proof : By definition of uj* and using proposition 5.22 of Eli], we have for all y £ D(S) that 



(ux)(S(y)*) = u>(xS(y)*) = u>(S(S(x)*y)*) = u>*(S(x)*y) = ( W *S(x)*)(y) . 

By definition of L\(A) and its "-operation, this implies that uix belongs to L\(A) and (u>x)* = uj*S(x)* . 
Then we have also immediately that ||wx||» < max{||x||, ||5(x)||} |M|*. The result about xu> is proven in 
a similar way. ■ 



Remark 2.2 This lemma implies that we can define the following module operations on L\(A)* . 
Consider F G L\(A)* and x G D(S). Then we define Fx,xF € L\{A)* such that {Fx){uj) = F{lox) and 
(xF)(lu) =F(xu>) for all we L\{A)*. Of course, \\Fx\\, \\xF\\ < max{||x||, \\S(x)\\} \\F\\. 
In this way, L\{A)* becomes a bimodule over D(S). Although we will not use this module notations 



anymore, it is implicitly present in proposition 2.5 



Let us introduce a symbol to denote the pullback of the map A : L l (A) — > A : co i— ► (co (g) l)(W). 

Notation 2.3 We define the linear contraction A* : B Q {H)* — > A such that X*(9) = (i® #)(PF) /or aZ/ 
9€B (H)*. 

Remark 2.4 Notice that w(A*(0)) = 0(A(w)) for all w € iJ(A) and G B Q (H)* so that A* is really the 

pullback of A. By proposition 8.3 of @, we get for all 6» G B (ff)* that A*(0) G D(S) and S(\*(6))* = 

X(9). 

Consider uj G L^(A). By lemma £4], the following properties hold. 

• We have for all n G B (H)* that lu A* (77) G Li (4) and (wA*(i)))* = wA*(7y). 

• The linear map B n (H)* — ■> L*(A) : 77 1— > wA*(r]) is continuous. 



We want to mimic the proofs of proposition 1.4.2 and theorem 1.4.3 of 113] (which are due to Kirchberg) 
to define a new *-representation /1 of L\(A) on _B(iJ ® iJ u ). The proof of theorem 1.4.2 requires the 
product in A but it turns out that in this case the module action of D(S) on L\(A)* is sufficient. The 
map /i in the next proposition is nothing els but the Kronecker product A x A u . 

Proposition 2.5 There exists a unique * -representation /1 : L\(A) — ► B(H _ff u ) smc/j i/iaf 

(/j(a;)(ui (g)toi),V2 ® W2> = (A u (a;A*(w„ 1 , t , 2 )) wi,w 2 ) . 

for all vi, V2 G H and wi,W2 G H u . 

Proof : Fix an orthonormal basis (ek)keK for H . For every k,l G K, we define i£fcz = A*(ui eitek ). 
Take a finite subset L oi K and for every / G L a vector wi E H u . 

Choose cj G L^(^4). Then we have that 
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fee x 



y^ K(ux k i) 



Wl 



leL 



fceK 1,1'eL 

E E (^(( wa; M')*( w:c H)) ffi i! W l') • 



fceif M'eL 



Using remark 2.4 , this implies that 



E 

fceK 



y^ \ M (ujxki) 



U'l 



leL 



= E E (\„((uj*xi'k)(uxki))wi,wi> 



k£K 1,1' eL 



Fix 1,1' £ L for the moment. We have for every set M G F(K) 

^ Xl> k ®Xkl = ^2 ( L ® L ® UJ e k ,e l ,)(Wl 3 ) (t® K8)W eij eJ(W23) 



(2.1) 



kei\i 



keM 



Hence lemma 9.5 of ]18| implies that the net ( YlkeM x i'k®Xki ) MeF(K) * s bounded and converges strictly 
to (t <£> l <8> ^ei,e v )(W / i3W / 23) in M(A ® A). But the Pentagonal equation implies that this last expression 
is equal to 

(t<8 t <8> Lu ei , ei ,)(W* 2 W 23 W 12 ) = W*(l ® (4 ® w e ,, e ,,)(W)) W = A(a^) . 

So we conclude that the net (^2 keM %vk ® x ki ) mpf(k) * s bounded and converges strictly to A(xin). 
Since 

y^ (cj*x;/ fe )(wa; fc ;) = ( (w* ® w) [ ^ cc//fe <8> x H ] ) A 

fceM feeA/ 

for all M 6 F(K), we conclude that the net (EteM^* 2 -!'')^^) )mgf(k) conver g es m L X {A) to 

((w*®w)[A(^j)]) A = (w*w)^- 

But we have for every M <G F(K) also that 

( J~](u>*$i'k)(wxu))* = J~](w*xik)(vxkii) , 



fceM 



implying that the net ((EfceM( w,I ")Ki)! 



keM 



' MeF(K) 



converges in L (A) to (uj*U))xu', which is 



equal to ((uj*uj) xi>i)* . So we conclude that the net (J2keAi( u -'* x i'k)( u,x ki)) MeF(K \ converges in L\{A) 
to (u*u)xiu. 



Because A u : L\(A) — > A u is bounded, we now conclude from equation 2.1 that 

2 



E 

fceK 



^A u (wx fei ) 



"V 



leL 



= ^(A„((,',)i n ) 



Wi,Wl> 



(2.2) 



Li'eL 



Define the linear functional r/ on L^(j4) such that 



r?(w) = y^ (\ a (ujxin)wi,wi> 



for all u; G I/* (A). Then equation 2J2 implies that ?7 is a positive functional on L\(A). 
Take we L\[A). Then 

2 



toMI 2 



£<*■( 



U>Xl'l)Wl,Wl> 



Li'eL 



E (E^^^'')^' 



W// 



'ei ieL 



< 



E 

Z'GL 



^ K{ijJXyi) 



W, 



leL 



:ei 

I'eL 



toj/ 



where in the last inequality, we used the Cauchy Schwarz inequality in ®i'£lH u . Hence equation 2.2 
implies that 

2 



|r?M| 2 < E 



LeK 



y^A u (W;/Q 



U't 



leL 



Eii-hi 2 ) 



i'ez, 



Y^ {K({u*^)xi>i)wi,Wi) ) (^ 



ky;/ 



Li'eL 



I'eL 



E H W H| 2 ) »7(w*w) 



I'eL 
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Therefore theorem 37.11 of fa] implies that r\ is continuous and has norm less than ^2 leL ||w;|| 2 . So we 

= rtoAj)<(X>,|| 2 )|| W * W ||< 



conclude from equation [L2 

E 



fee A' 



y^u^z/d) 



»'/ 



(eL 



;eL 



E 



e; <K> w; 



From this all, we get the existence of a contractive linear map /u : £i(A) — ► i?(if ® 7f u ) such that 

fJ.(cu)(ei ® w) — *^2 e k (g> \ u (uj x m )w 

k£K 

for all/ e if and to e i? u . 

So we get for k,l £ K and W\,W2 € H that 

(ju(w)(ej ®toi),ejfe(8) w 2 ) = (A u (wA , (w e ,,eJ)wi,ffi2) . 

Since the linear function Bq(H)* — » L*(A) : — v wA*(0) is continuous (see remark p~<f ), we conclude that 

{H{W){V\ <g> W\),V2 <g> 102) = (A u (wA*(«„ 1|02 )) Wl,W2> • 

for all ui , i>2 G -ff and W\,W2 G ^u • 

In the last part of this proof, we show that \x is a *-homomorphism. 

1. |U is selfadjoint: 

Take w G L\{A). Choose vi, v-i G H and u>i, tua G i? u . Then 

(lJ,(ui)*(Vl <8> lOl), t>2 W2) = (Vl <8> Wi, [J,(uj)(v2 <8> W2)) 

= (fj,(ui)(v 2 0W2), «i ® u>i) = (A„(wA*(w„ 2i „ 1 ))w 2 ,wi) 
= (wi, A n (wA*(u„ 2i „ 1 )) u> 2 ) = (A u (o;A*(w 1 , 2it , 1 ))*wi,i«2) 
= (A u ((wA*(w„ 2il , 1 ))*)wi,w 2 ) = (A u (w* A*(w Kl ^ 2 ))wi,w 2 ) 
= (ju(w*)(vi ® M>l), V2 ® W2) ■ 

So we conclude that /i(w)* = fJ,(u>*). 

2. fj, is multiplicative: 



Choose u> £ L\(A). By equation 2.2, we have for every finite subset L of K and vectors 
lU; e H u (I £ L) that 

(/i(w) (E e; ® w ' )'^( w ) (E e ' ® m )) = ^( w * w ) (E e ' ® w 0'E ez ® w ^ ■ 

zez, ;gl 



;gl 



;gl 



Hence fi(u*u>) = /i(w)*^(w) = n(u)*) A*(w), where we used the selfadjointness of /it in the last equality. 
Polarization yields that fi(9*uj) = /x(0*)/i(w) for all lo,9 £ L\{A). 



Remark 2.6 In the notation of the previous proposition, we get for all v,w £ H and oj £ L\{A) that 

(u> v<w ® OO^M) = A u (wA*(w BjI „)) £ A u . 
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For every lo £ L (A), we will denote the unique normal functional in A* which extends w by Co. As 
discussed before, it might still be possible that there exists an element 9 £ A* such that there does not 
exist an element y £ A satisfying 9(X u (lo)) — Q(y) for all to £ L\{A), 

For this reason, we have to adapt the proofs of |T2] a little bit further. In the next lemma, we will provide 
sufficiently many elements 9 for which there do exist such elements y as mentioned above. 

Let t £ R. Since S and r 4 commute, we have for every lo £ L\(A) that the element lo r t belongs to L\{A) 
and (oJT t )* = u*T t . (2.3) 

Combining this with the fact that (r* ® 7f)A = A, we see that the mapping L\ (A) — > L\(A) : lo — > Lor t is 
a "-automorphism. 



Also notice that equation 2.2 implies that the mapping 1R — > L\(A) : t i— > lo r t is continuous (see also 
proposition 8.23 of flq]). 

Due to the universal property of A u , we can therefore introduce the following norm continuous one- 
parameter group on A u . It will be the scaling group of the universal dual of (^4, A). 

Definition 2.7 There exists a unique norm continuous one-parameter group f u on A u such that 
f f u (A u (w)) = A u (cjT_ t ) for allt eR and uj £ L\(A). 

Notice that norm continuity follows because \{L\{A)) is dense in A u , the map A u : L\(A) — > A u is a 
contraction and the function R — ► L*(j4) : t —>■ ioT t is norm continuous for every to £ L\(A) 

Lemma 2.8 Consider 9 £ A* and n£N. Define 9 n £ A* such that 

9 n {x) = -4= / exp(-n 2 t 2 ) 9{t?{x)) dt 
V 71 J 

for all x £ A u . Then there exists a unique element y £ A such that # n (A u (oj)) = co(y) for all lo £ L\(A). 

Proof : We have for all lo £ L\{A) that 

9 n {K{io)) = -2= /"exp(-n 2 t 2 )0(f t "(A u M))dt 

= -^= [ exp(-n 2 t 2 )9(\ u (LOT- t ))dt 
V^ J 

= 9 ( -^= / exp(-n 2 t 2 )wr_ t dt J . 

Define the function F : L\(A) — > L\{A) : lo ^r -y= J exp(— n 2 i 2 ) lo T-t dt. Then this function is clearly 
|| -II, || -|| continuous. We have moreover for all u £ L\{A) that (see e.g. the proof of lemma 8.33 of |fl8| ) 

F(lo)* = -= \ cxp(-n 2 (i - -) 2 ) uJRr^t dt , 
V n J 2 

which implies that the function L\(A) — > L\(A) : lo v- > F(w)* is also ||.||,||.|| continuous. Consequently, 
the function F is ||.||,||.||* continuous. 

But we have for all lo £ L\(A) that 9„(X u (lo)) = 9(X u (F(oj))j, implying the existence of a unique 
element r\ £ L 1 (A)* such that f](u>) = 9 n (X u (co)) for all lo £ L\(A). Using the natural isomorphisms 
Li(A)* = (A*)* = A, there exists an element y £ A satisfying r](u) = Q(y) for all lo £ L X {A) and the 
lemma follows. ■ 
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Corollary 2.9 The set 

{ 6 G A: I 3y G A^lo G Lj(A) : 0(A») = «(|/) } 

is separating for A a . 

Notice that in order for things to work in the previous discussion , we have to stick with the C*-algebra 
A u and not go to the universal enveloping von Neumann algebra of A u as is done in [Q (to be more 
precise, the one-parameter group f u can be point wisely extended to the enveloping von Neumann algebra 



but this extension does not satisfy any obvious continuity property). Remark 2.6 will allow us to stick 
to the C*-algebra setting. 

Using the universal property of (A U ,A U ), we define *-homomorphisms s\ : A u — > A and s^ : A u — > 
B(H ® H a ) such that s\ A u = A and s M A u = (X. 



Thanks to corollary 2.E, we can use the techniques in the proof of lemma 3.1.1 and proposition 3.1.3 of 
p2| to get closer to our goal. First we need some extra results from section 8 of |18[ . 

We define the subspace T of L X {A) as follows (notation 8.4 of jl8[ ): 

l = {wei 1 (4) | There exists a number M > s.t. \uj(x*)\ < M || A(x)|| for all x G M v } . 

By Riesz' theorem for Hilbert spaces, there exists for every u> G X a unique element £(w) € -ff such that 
<*>(x*) = (£M,A(x)) for x G 7V V . Result 8.6 of Q tells us that X is a left ideal in L l (A) and that 
t(6u)) = X(9) £(w) for all (9 G L X (A) and uel 

Lemma 2.10 M^e ftave that kers\ C kers^. 

Proof : Choose p G ker s\. 

Take i/elfl ^i(^)- Choose also o,ie 7V V , c G N^ and define w,w € H by u = JA(c*a), w = JA(b). 
Since -R is implemented by J (see proposition 8.17 of Q) and (R® R)(W) — W (see the remarks before 
proposition 8.18 of Jig), we get 

A*(w„,™) = (t(8)a;„ )TO )(W) =i2((t®wj 1D) j„)(W)) 

= i?((t®o; A(fe)iA(c . o) )(W)) = JZ((i ® V )(A(o*c)(l®6))) . 

By the right invariant version of result 2.6 of Q, (t ® y>)(A(a*c)(l ® b)) belongs to Af^p. Therefore the 
previous equation and the fact that ip — (pR imply that X*(lj v<w ) belongs to Af*. 

By remark \2M, we have for all uj G L\(A) that 



(w VtW ® i.)(s M (A u (a>)) /«(r?)) = (w VjU , (g) L)((i(uj)n(r))) = (w VtW <8> t)(M W7 7)) G A u . 

As a consequence, we find that (w VjU) (8 t)(s M (x) /•*(??)) G Ai for all x G A,- 

Choose € A* such that there exists y G A such that 0(A u (w)) = <D(y) for all w € L^(A). 

Fix cj 6 i^(j4) for the moment. Proposition |]^ implies that 

0((w„,«, ® t)(s A ,(A u (w)) m(»7))) = ^((w«,«; ® i)(n{u;n))) 
= 0(X a ((u)r))X*(ui v<w ))) = (wr?)~(A*(a;^, w )y) . 

By the remarks before this proposition, we have for all z G A that 

(wr?)~(A*(w„, w )«) = (wr7)(A*(w„,«,)z) = (^(u>r)),z*A(X*(uj v , w ))) . 
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Hence Kaplansky's density theorem implies that 

9((w v , w (gi)(s M (A u (w))^(r7))) = (wj?)~(A*(w„ )TO )j/) = (£(uj'q),y*A(\*(oj VtW ))) . 

So we get that 

fl(K, w ®0(*M(^M)M»7))) = (A(«){(»|) 1 y*A(V(w Blfl) ))) = (s A (A u (u;)K(77),y*A(A*K™))> 

Therefore 

^((w»,«®0(«m(p)a*(»/))) = (*a(p)^(»?),V*A(A*(w 0>to ))) . 
Because sa(p) = 0, the previous equality implies that 0((u} VtW ® t)(s M (p)/i(?7))) = 0. Therefore corollary 



2.9 implies that (w VjM) <g t )(s M (p) /i(?7)) = 0. Since such elements w and w span a dense subset of 7?, we 
conclude that s fJl (p) n(rj) = 0. So the density of /i(Ifl LJ(j4)) in s /J (A u ) (see lemma 8.33 of [n8|) gives 

»m(p) = °- ■ 

Define X to be the closure of the subspace /j,(Ll(A))(H ® H u ) in H ® H u . In the following, P will denote 
the orthogonal projection on K. 

Corollary 2.11 There exists a unique partial isometry U G M(A (g Bq(H <g i? u )) smc/i t/iai U*U = 
UU* = 1®P and n(u>) = (a) <g t)(C7) /or a/Z cj G ^(^)- 

Proof : Since kersA C kers^ and Sa(A u ) = A, there exists a unique *-homomorphism </> : A — * 
S(JT <g P u ) such that <j)(s\(x)) = s M (x) for all x G A u . So </>(A(a;)) = ju(w) for all w G Li (.A). It is also 
clear that K is the closure of the subspace <fi(A)(H <g iJ u ). 

By proposition 5.8 of pOJ, we know that 4> is strict from A to B(H (g HA and 0(1) = P. Remembering 
that W £ M(A <g> A), we define J7 = (t <g> 0)(W). Then £7 is a partial isometry in M(A <g B (H <g H u )) 
such that U*U = UU* = (i <g 0)(1) = 1 ® P. We have also for every u G £i(A) that 

(w <g 0(^0 = (w <g i)((i ® $(W)) = <£(("> ® 0(W)) = 0(A(w)) = /*(w) ■ 



By the characterization of U in the previous corollary and remark 2.6, we have for all uj G Li (A) and 
7] G P(P)* that 

(a)<g)77<gu)(!7) = (?j<g>t)((w(g<.)(i7)) = {n® l)(p{oj)) G i u . 

Since Li (.A) is dense in A», we conclude that (p®l)(U) G A u for all p G (A(g)B(H))*. Thanks to this 



simple observation and corollary |2. 9] , we can copy the proof of theorem 3.1.4 in [|12j. 

Proposition 2.12 There exists a unique element V G M(A®Bo(H u )) such that A u (w) = (w®i)(V) /or 
aH u G Li (A). Furthermore, V is a unitary element in M(A ® A u ) smc/i t/iat (A (g t)(V) = V13V23. 

Proof : Take flgi* such that there exists y £ A satisfying 6*(A u (o>)) = u>(y) for all uj G £-i(A). 
Then we have for all cj G Li (A) and -q £ P(P)* that 

0((u><g)?7<gu)(i7)) = 0({n®L)(p{oj))) =6(\ u (Lu(L®r 1 )(W))) 
= u>((t,®TJ)(W)y) = (wig>77)(W(y<gl)) 

Since Li(A) is dense in A*, we get that 9{{p®i){U)) = p(W% (g 1)) for all p G P(P ® if)*. Hence 
fl((p(8) t)(W x * 2 U)) = p(y (g 1) for all p G P(P (g #)*. 
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In particular, we have for all u) £ Ll(A) and rj £ B(H)^ that 

e((oJ®r)®c)(W? 2 U))=uJ(y)r ) (l) = 6(\ n (u ! ))ri(l) . (2.4) 



Therefore corollary |2ii| implies for every ui £ L\(A) and r\ £ B(H)* that (tD(g 77(g) t>)(W* 2 U) = X a {w)r]{l). 
Hence 

(u ® t ® 0(^1*2 C) = 1 ® X(w) 

for allege Lj(A). 

Equation |1| implies immediately that W* 2 U(l®x®\) = (1 (g) a; <g> 1)W* 2 0" for all x £ B{H). Therefore 
W* 2 U £ (1 <g> B(F) <g 1)' which implies the existence of V £ B(H <g> £T U ) such that W* 2 [7 = V13. Since 
VF £ M(A (g S (iJ)) and [/ e M(A (g) B (J?) <g B (#„)), we have clearly that V £ M{A® B (#»))• Of 
course, equation |2.4| also implies that A u (w) = (w ® 0(V) for all w e L\(A). 

Moreover, the unitarity of W implies that 

1 ® P = (7*17 = I7*Wi 2 W* 2 i7 = V* 3 V13 . 

This implies the existence of a projection Q € B(H U ) such that 1 (g Q = P. Then we have also that 
VV* = 1 ® Q. Furthermore, 

V13 V* 3 = W x * 2 UU*W i2 = W x * 2 (1 <g P)Wi2 = W12 (1 (8 1 <g Q)W* 2 
= W12 W* 2 (l <g 1 <g Q) = 1 <g 1 ® Q , 

thus VV* = 1 (g) Q. So V is a partial isometry with initial and final projection 1 <g Q. 

Take w £ H n such that Q v = 0. Then we have for every w £ H that (l®Q)(w®v) and hence V(u><gv) = 
(since 1 <g> Q is the initial projection of V). This implies for every 10 £ Bq(H)* that (u> (g t)(V) w = 0. 
Consequently, A u (u;) v = for all w S L];(A). Therefore the non-degeneracy of A u implies that v = 0. We 
conclude that Q — 1 thus V is unitary. 

We have for all uii,u>2 £ L\ (A) that 

(wi <g> w 2 <g 0(Vi3V 23 ) = (wi <8> t)(V) (w 2 ® i){V) = A(wi) A(w 2 ) 
= A(wiw 2 ) = (wiw 2 (g 0(V) = (wi <g w 2 <g 0(( A ® t)(V)) • 

As usual, this implies that (A (g t)(V) = V13V23. Theorem 1.6 of El| implies that V is a unitary element 

in M(A® A u ). m 

This proposition implies immediately that every ^representation, and not only A u , has a generator: 

Corollary 2.13 Consider a C* -algebra C and a non-degenerate * -homomorphism 9 : L\(A) — » M(C). 
Then there exists a unique element V £ M{A (g C) such that 6(oj) = (uj (g i){V) for all u> £ L\(A). We 
have moreover that V is unitary and (A <g t)(V) = V13V23. 

Proof : By the universal property of A u , there exists a unique non-degenerate * -homomorphism 
9 : A\ -> M{C) such that 9~K = 0. Now put V = (t (g) 0)(V). ■ 

Proposition 2.14 Consider a C* -algebra C and a unitary element V £ M(A® C) such that 

(A (g t){V) = V13V23. Then there exists a unique non- degenerate * -homomorphism 9 : A u — > M{C) such 

that {i®0)(y>) =V. 
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Proof : Uniqueness follows from proposition 2.12. Define the linear mapping k : L\(A) — ► M(C) 



lu i— > (uj <gi t)(V). A calculation like in the last part of the proof of proposition 2.12 shows that k is 
multiplicative. 

In the next part, we show that K is self adjoint. Choose 77 <E C* . Let p <E Bq(H)* and define T E Bq(H)* 
such that TO) = (p<E)7])(V(x ® l)V*) for all x G B (H). 

By assumption, V 13 V23 = (A <8> t)(V) = W? 2 ^23 W X2 , thus W^i 2 7 13 = V 23 W 12 V 2 \. (2.5) 

Applying 4 eg) p® r\ to this equation gives (t <8 p)(W) (t ® *7)(^) = (t ® Y)(VF). Therefore proposition 8.3 

of @ implies that (4 <g> p)(W) (4 ® 77) (V) G D(5) and 

S((l <g> p){W) (4 <g> n)(V)) =(4 T)(W) = (4 p 7,)(V 23 W{ 2 V 2 * 3 ) 

=> Mp® 77)^*3 ^1*2) = (* ® »?)(0 (* ® P)(W) = (^ ® »?)(0 S((i <8> p)(W)) , 

where we used the adjoint of equation [2. 5| in (*). Because such elements (l® p){W) form a core for S, the 
closedness of 5 implies for every x G D(S) that x (a®7j)(V) G D(5) and S(x (i®r?)(V)) = (4®r?)(F*) 5(x). 
From this, we infer that (4 ® rj)(V) <E D(£) and S((i ® 7?)(V)) = (4 7j)(V*) (see remark 5.44 of @). 

Choose w € X*(A). By definition of w*, we have that w*(x) = w(5(x)) for all x G X>(5). Since D(5) is a 
strict 'bounded' core for 5 (see remark 5.44 of Q), this gives w*(x) = ZiJ(5(x)) for all x e D{S). By the 
discussion above, we get for all rj G C* that 

r)((u* ® 4)(F)) = w *((t ® „)(V)) = 57(5((t ® 7?)(F))) 

= ZU((4(g)77)(l/*)) =ry((aJ®4)(F*)) = 7?((w0 4)(y)*) . 

Consequently, k(oj*) = «(w)*. 

Let us also verify quickly that k is non-degenerate: 



k{LI{A))C = [(w® t )(^(i®c))|«eXi(A),ceC] 

= [(«®t)(V(l®c))|weX 1 (A) > cGC] 

d [ (a w <8> t)(V(l ® c)) I cj g L 1 ^), a eA,ceC] 

= [ (w «) t)(V(a <8> c)) I a; e X X (A), (ie4,ceC] . 



Because V is unitary, this gives 



k{L\{A)) G D [ ( u <8> t)(6 ® d) I 6 € A, d G C] = C . 

So we conclude that k : L~.(A) — > M(C) is a non-degenerate *-homomorphism. Therefore the universal 
property of A u implies the existence of a non-degenerate *-homomorphism 9 : A u — > M(C) such that 
0A U = A. We have for every u> £ L\(A) that 

(w <g> i)((t ® <9)(V)) = 0((w ® i)(V)) = <?(A u (u;)) = k(w) = (« ® t )(V) • 

Hence (4® 6»)(V) = V. ■ 

For later purposes we will need the projection from A u to A: 

Notation 2.15 We define tt : A u — > A to be the surjective * -homomorphism such that n A u = A. 

We have for all uj e L\(A) that 

(w (8) 4)((4 (8 7r)(V)) = tt((w ® 4)(V)) = tt(A u (cj)) = A(w) = (w ® 4)(W) , 

1G 



implying that (t <g> tt)(V) = W. 

We can of course do the same thing for L\{A) and get the universal companion of (A, A) in this way. So 
we define A u to be the universal enveloping C*-algebra of the Banach *-algebra L\(A). 
By choosing the GNS-construction of the left Haar weight of (A, A) in the right way, the multiplicative 
unitary of (A, A) with respect to this well-chosen GNS-construction is equal to £W*£ (see the remarks 
after proposition 8.20 of |Q). This implies immediately that (A, A) = (A, A). We will denote the 
embedding of L l (A) into A = A by A. Notice that A(w) = (t® w)(W*) for all cj G I 1 (A). (2.6) 

The embedding of L 1 (A) into A a on the other hand will be denoted by A u . Define 7r : A u — > A to be the 
surjective *-homomorphism such that 7rA u = A. 



As in proposition 2.12, there exists a unitary element V G M(j4 u ® A) such that A u (w) = (tig) w)(V*) for 
all w £ Ii(-4). We have moreover that (t <g) A)(V) = V13V12 and (tt <g> t)(V) = W. (2.7) 

Also notice that 

A u = [ (t <g) w)(V) I w € L^i) ] = [ (Kg) w)(V) I w G BoW ] • (2.8) 



In this setting, proposition 2.14 gets the following form 



Proposition 2.16 Consider a C* -algebra C and a unitary element V G M(C ® A) such that 

(t, <8> A)(V) = V13V12. Then there exists a unique non- degenerate * -homomorphism 9 : A u — > M{C) such 

that (9®l)(V) = V. 

Although A u is defined to be the universal enveloping C*-algebra of a space of linear functionals on A, 

it is also the universal enveloping C*-algebra of a dense subalgebra of A. Consider the injective algebra 

homomorphism A : L l (A) — > A. 

Proposition 8.32 of jT|| implies that \{L\(A)) = A(i x (A)) n A(L 1 (A))* and that the restriction of A to 

L\{A) is a --isomorphism from L\{A) to A(L 1 (-4)) H A(i 1 (i))*. 

This implies the following. Define ^4 = { {l®lo)(W) \ uj G B (H)* }. Then .4 is a dense subalgebra of A, 

AC\ A* is a dense sub ""-algebra of A and A u is the universal enveloping C*-algebra oi AC\A* . 

A similar remark applies to A but in this case we have to replace the algebra A by the algebra A defined 
by A = { (w ® 0(^0 I w e B o(^)* }• 



3 The universal bi-C*-algebras, the universal corepresentation 

Up to now, we only have constructed 'universal' C*-algebras A u and A u . In this section, we introduce 
the comultiplications on them and construct the universal corepresentation between them. 

First we repeat a standard terminology in quantum group theory. 

Terminology 3.1 Consider a bi-C* -algebra (B, A), a C* -algebra C and a unitary element V G M(B®C) 
such that (A ® t)(V) = V13V23. Then V is called a unitary corepresentation of (B,A) on C. 

In a first step, we will follow the standard road to introduce the comultiplication and counit on A^ (see 
theorem 1.3 of |26|). We want to define the comultiplication A u on A a in such a way that V is a unitary 
corepresentation of (A u , A u ). 
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Proposition 3.2 There exists a unique non-degenerate * -homomorphisms A u : A u — > M{A n <g A u ) such 
that (A u (g t)(V) = V13V23. We have moreover that 

1. (A„(gu)A u = (t(g) A U )A U . 

2. A U (A U )(A U <g 1) and A U (A U )(1 (g) A u ) are dense subspaces in A u ® A u . 



Proof : We want to apply proposition 2.16 in order to get hold of A u . Therefore look at the unitary 



element V13V23 £ M{A n <g> A u <g> A). We have that 



(tigi(0 A)(Vi 3 V 2 3) = («■ ® t ® A)(Vi 3 ) (t®t® A)(V 23 ) 

= V 14 V 1 3V 24 V 2 3 - V 14 V 2 4V 13 V 2 3 = (Vi 3 v 23 ) 13 (v 13 v 23 ) 12 



where we used the first equality of equation 2/7 in equality (*). Therefore proposition [2.16 implies the 



existence of a unique non-degenerate *-homomorphism A u from A u to M(A U ® A u ) such that (A u (g)i)(V) 

Vl3V 2 3. 



We have that 
and 
implying that 



((A u <g i)A u <g t)(V) = (A u ® i O t)(Vi 3 V 23 ) = V i4 V 24 V 34 

((4 <g A U )A U ® i)(V) = (i (g A u ® a)(Vi 3 V 23 ) = Vi 4 V 24 V34 , 

((A u <g 4)A U O t )(V) = ((4 ® A U )A U (g 4)(V) . 



Therefore (A u (g t)A u = (4 ® A U )A U by equation 2.8 



Let us now verify the density conditions (see proposition 5.1 of |4ll). Using equation 2.8, we see that 



A n {A n ){l ® A u ) = [A n ((t®w)(V))(l®o)|weB (-H r )*,oeA u ] 

= [(4«i4(gw)(Vi 3 V 23 (l(ga(gl)) I w G B (H)*,a£ A u ] 

= [(4(g4(gxw)(Vi 3 V 23 (l(ga(g 1)) I w G B (H)*,x G B (H),a G A u ] 

= [(4(g4(gw)(Vi 3 V 23 (l(ga(ga;)) | lj G B (H)*,xe B (H),a£ AJ . 

Since V is a unitary element in M(A U ® B (H)), we have that V(A U <g B (H)) = A u <g B (H). Hence the 
above chain of equalities implies that 



A u (A u )(l<g A u ) = [(t(g4(gw)(Vi 3 (l(ga(ga;)) | cj G B (H)*,x G B Q (H),aE A u ] 

= [(4<g4®xu;)(Vi3)(l®a) I w G B (H)*,x G B (H),ae A u ] 

= [(4(g4(gw)(Vi 3 )(l(ga) I w G B (H)*,a G AJ 

= [(i8w)(V)®a I w G B (H)*,a e A u ] = A u ® A u . 

In a similar way, one proves that (A u <g 1)A U (A U ) is a dense subspace of A u (g A u , and we are done 
(remember the *-operation). ■ 

Proposition 3.3 The following identities hold: 

1. (7r(g7r)A u = An, 

2. (4(g7r)(A u (a;)) = V* (1 ® 7r(a;))V for all x G A u . 
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Proof : Since A is implemented by W and (tt (g) t)(V) = W, the first equality follows from the second 
one. So we only have to prove the second statement. 



Using the second equality in equation 2.7, we get that 



(0 <g 7T)A U <g i)(V) = 7T <g i)(Vi 3 V 23 ) = V13W23 

whereas 

v x * 2 (i (tt <g 0(v))Vi2 - vr 2 w 23 Vi 2 

Since V12V13 = (t <g xA)(V) = W23V12W23, we conclude that 

((t (g tt)A u <g t )(V) = Vr 2 (l (g (tt <g t)(V))Vl2 
So we get for all ui G B (H)* that 

(t (g 7r)(A a ((t ® w)(V))) = V*(l ® «■((*. <g w)(V)) )V 
and statement 2. follows from equation E^H. 



If we apply proposition 2.16 to the unit in M(A^ <g A), we get hold of the counit e u on (A u , A u ) 
Proposition 3.4 There exists a unique non-zero *-homomorphism s n : A a — > C smc/i t/iat 

(e u ® t) A u = (t ® e u )A u = t . 
Moreover, (e u <g t)(V) = 1. 



Proof : Uniqueness is trivial. By proposition p. 16 , there exists a unique non-zero *-homomorphism 
e u : A u -> C such that (e u (g t)(V) = 1. Therefore, 

((e u (g t)A u (g t)(V) = (e u ® i ® t)(Vi3V 23 ) = (1 ® (e u <g t)(V)) V = V . 



Hence equation 2.8 implies that (e u (g t)A u = l. Similarly, (1 (g e u )A u = 1. 



Notice that this proposition implies that A u : A u — > M(A U (g A u ) is injective. 

Of course, we also have corresponding results for A u . Let us explicitly formulate them. 

Proposition 3.5 There exists a unique non-degenerate * -homomorphisms A u : A u — > M(A U (g vl u ) smc/i 
i/iai (t (g A U )(V) = V13V12. We have moreover that 

1. (A u (gi)A u = (t(g A U )A U . 

2. A U (A U )(A U (g 1) and A U (A U )(1 <g A u ) are dense subspaces of A u (g A u . 

Proposition 3.6 The following identities hold: 

1. We have that (fr <g 7r)A u = A u tt. 

2. (7r®i)(x A u(a;)) = V (7r(a;) <8> 1) V* /or aZZ a; G i u . 
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It turns out to be very easy to get hold of the 'universal' corepresentation between A u and A u . First we 
need a lemma which we copied from proposition 3.11 of [|2l|. 

Lemma 3.7 The set M(A) C M(A) is equal to C 1. 

Proof : Choose x £ M(A) n M(A). By proposition 8.17 of @, we know that #(a;) = Jx*J. 
Because x belongs to M(A), Tomita-Takesaki theory tells us that Jx*J £ A\ so R(x) £ A'. Thus, since 
W £ M(A(8)i), 

A(i?(x)) = W(i?(x) ® 1)W* = (R(x) <g 1)WW* = i?(x) <g 1 . 

Therefore result 6.1 of Q implies that H(x) G C 1, so x G C 1. ■ 

The next result guarantees that the multiplicative unitary W is basic in the sense of definition 2.3 of [|23| 
and that IA is universal in the sense of this same definition. See also lemma 1.5 of the same paper. 

Proposition 3.8 There exists a unique unitary element hi £ M(A U ® A^) such thathixz — V12V23V12V23- 
We have moreover that (A u t)(hi) = ^13^23 end {1 <g A U )(W) = U\^U\2- The element hi is called the 
universal corepresentation of (A n ,A u ). 



Proof : Since V £ M(A ® A n ), proposition [3J.2 implies that Vj" 2 V 2 3Vi2 belongs to M(A U (g> A (g> A u ). 
Hence V* 2 V23Vi 2 V| 3 belongs to M(A U ®A® A u ). Because V £ M{A U ®A), proposition 0. 2 implies that 
V23V12VI3 belongs to M{A„ ® A ® i u ). Hence V^^V^V^ belongs to M{A U <g A <g A u ). 
Therefore the previous lemma implies the existence of a unitary element ZY G M(A U <g A u ) such that 

W13 = V12V23V12V23. 

We have that V12W13 = V23V12V2V Since V is a corepresentation of (A n ,A u ) on B (H), this equality 

implies easily that V12W13 is a corepresentation of (A u ,A a ) on Bq(H) ® j4 u . 

Hence 

(A u ®K8)t)(Vl2Wl3) = (Vi2Wi 3 )l3(Vi2Wi 3 )23 = V13W14V23W24 

= V13V23W14W24 = (A u (gl Kg l)(Vl2)UuU24 ■ 

Consequently, (A u (g> 1 ® l)(U 13 ) = U^U 2 ±- Therefore (A u (g t)(W) = hii 3 hi 2 3- Similarly, (t ® A U )(W) = 

£^13 ^12 • ■ 



Corollary 3.9 FFe /iawe t/iat 

1. (t®7r)(W) = V. 

2. (7T(g)t)(W) = V. 

5. (7T®7T)(W) =W. 

Proof : 

1. Using the facts that (l (g tt)(V) = PU and (t <g xA)(V) = W 23 Vi 2 W 23 , we get that 

(t (gl t <g 7r) (W13) = (t <g t <g> 7T) (V12V23V12V23) = V12W23V12W23 

= vr 2 (t <g xA)(V) = Vr 2 Vi 2 Vi 3 = V13 . 
Hence (t,<S>n)(U) = V. 
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2. Similar to the first equality. 

3. Follows from the first result and the fact that (tt ® t,)(V) = W. 



Remark 3.10 Notice that the previous result, equation 2.S and its obvious dual version imply that 
A u C[(i,®w)(U)\u>€A* u } and i u C [(w <8> l)(U) \ u> € A* a ] . 



If V is a unitary corepresentation of (A u , A u ) on a C*-algebra C, then proposition [3J3J.1 implies that 
(tt ® £)(V) is a unitary corepresentation of (^4, A) on C. But it turns out that every unitary corepresen- 
tation of (A, A) lifts to a unique unitary corepresentation of (^4 U , A u ) in this way. 

Result 3.11 Consider a C* -algebra C and unitary corepresentations U,V o/(A u ,A u ) on C such that 
(tt <g> l){U) = (tt <g> t)(V). T7ien t/ = V. 

Proof : We have by assumption that (A u ® t)(/7) = [/ 13 £/23- If we a Pply L <8> tt t to this equality and 



use proposition |3.3|.2, we get that V* 2 (7r <S> t)(C/)23 V12 = £^13 (tt (8 t)(C/)23 and therefore 

C/13 = Vi* 2 (tt (g) t)(f/) 23 V12 (tt (g) 0(J7)5a ■ 
Similarly, V13 = V* 2 (tt (g> i)(V) 2 3 V12 (tt (8 OOO23) so we S et tnat ^13 = ^13- Hence E/ = V. 



Let us quickly explain the universal property of hi. The next proposition guarantees that hi induces a 
bijection between non-degenerate *-homomorphisms of A u and unitary corpresentations of (A u , A u ). 

Proposition 3.12 Consider a C* -algebra C and a unitary corepresentation U of (A u , A u ) on C. Then 
there exists a unique non- degenerate * -homomorphism 9 : A u — > M(C) such that (l® 0)(U) = U. 



Proof : Uniqueness follows from remark 3.10. By proposition [2.14 , there exists a unique non-degenerate 
* -homomorphism 8 : A u — * M(C) such that (1 ® #)(V) = (tt ® 0(^)- Therefore corollary 3.9.2 implies 
that 

(tt ® t)((t ® 0)(«)) = (i <8> <9)(V) = (tt <g> t)(J7) . 

Hence, by the previous result, (i <g> 0)(U) = U. ■ 



Proposition 3.13 Consider a C* -algebra C and a unitary corepresentation U of (A, A) on C. Then 
there exists a unique corepresentation V of (A u , A u ) on C such that (tt <g) t)(V) = U . 



Proof : Uniqueness follows from result [3.11 . By proposition [2.14 we get the existence of a non- 
degenerate "-homomorphism : A M — > M(C) such that (l <g> 9)(V) = U. Put V = (1 ® 0)(W) which is a 
unitary corepresentation of (y4 u , A„) on C such that 

(tt <g> l)(V) = (tt <g> t)((i ® 0)(W)) = (t <8> 0)(V) = C7 . 



So we have proven (in a very elementary way) that (A, A) and (A n , A u ) have the same corepresentation 
theory. 
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4 Lifting bi-automorphisms 

In the last part of the previous section, we showed that (^4 U ,A U ) and (A, A) have the same unitary 
corepresentation theory. The same is true for their bi-automorphisms, i.e. automorphisms which commute 
with the comultiplication. We will work in a setting which is a little bit more general than the framework 
of bi-automorphisms in order to lift the modular groups of the Haar weights. In the last proposition of 
this section, we lift the unitary antipode from the reduced to the universal level. 

In the last statement of the next proposition, we use the language of Hilbert C*-modules and the identi- 
fication M(B ® B (H)) = C(B ® H) for every C*-algebra B. 

Proposition 4.1 Consider * -automorphisms a and (3 on A such that (a®/3)A = Aa. Then the following 
properties hold. 

1. (/3 ® /3)A = A/3. 

2. There exists a number r > such that p a — r ip and tp (3 = r (p. 

3. Define two unitary operators U,V on H such that UA(a) = r~? A(a(a)) and VA(a) = r~? A(/3(a)) 
for all a E J\ftp ■ Then 

(a<gu)(W) = (1 <g) E7*)W(1 <8> V) and (/3 ® C){W) = (1 ® V*)W(1 ® V) . 

4- There exists unique * -automorphisms a u ,/3 u on A u such that 

(a tt gu)(V) = (l®l7*)V(l®V) and (/3 U ® t)(V) = (1 ® V*)V(1 ® V ) ■ 

We have moreover that 7ra u = na, 7r/3 u — (3-k and (a u ® /3 U )A U = A u a u . 

Proof : 

1. We have that 

(a ® (/? ® /3)A)A = (a®/3®/3)(A® t)A = (A® i)(a®/3)A 
= (A ® ()Aa = (t ® A)Aa = (a ® A/3) A . 

Hence (i ® (/3 ® /3)A)A = (t ® A/3) A. Therefore the density conditions in definition nj imply that 

(/3 ® /3)A = A/3. 

2. Since (/3 ® /3)A = A/3, the proper weight </?/3 is left invariant. Hence the uniqueness of the left Haar 
weight (see theorem 7.14 of |M) implies the existence of a number r > such that <p/3 — r ip. 

Choose a E M.%- Then we have by left invariance of tp for all ui E A* that (u>a ® t)A(a) € .M+ and 
therefore the relative invariance of ip under [3 implies that {uj ® t)A(a(a)) = f3((ua ® t)A(a)) G A4j. 
Consequently, proposition 6.2 of (l8| gives that a(a) G A4J. Now take 77 G A* + such that 77(1) = 1. Then 
the left invariance of ip implies that 

tp(a(a)) = ip((ri® (-)A(a(a))) = <p(f3((na ® t)A(a))) = rip((na ® t)A(a)) = r (7;a)(l)^(a) = ry)(c) . 

Working with a -1 instead of a, also a~ 1 (A4^ > ) C A4J. Hence ya — r p. 

3. Take w G L 1 ^). Using result 2.10 of Q, we have for all a E J\T V that 

(wa ® t)(W*)A(a) = A((wo ® i)A(a)) = A(0 -1 ((w ® t)A(a(a)))) 

= r - * v*A((lu ® t)A(a(a))) = r - ' y*( w ® t)(W*) A(a(a)) = F*(w <g> i){W*)UA{a) , 

implying that (wa«i)(F) = V*(ui® i){W*)U, So we conclude that (a®t)(W*) = (1® V*)W*(1® U), 
Similarly, the relation (j3 ® /3)A = A/3 implies that (/3 ® l)(W) = (1 ® F*)W(1 ® V). 
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4. Uniqueness follows immediately from equation 2.8, let us turn to the existence 



We could use proposition 4.1 to prove the existence but this is actually a detour. We will illustrate the 
use of proposition 4.1 in the proof of the next result. By the equalities in statement 3., we have for every 
uj G L l {A) that V*{u <g l){W*)U = (ua <g o)(W*). Hence the definition of A implies that V*AlJ = A. 
Since V <E M(A n <g A), this implies that (1 ® V*)V*(1 <g 17) belongs to M(A ® A). 

Define the linear map a : L\{A) — > £i(A) such that d(w)(ar) = w(V*a;i7) for all w £ la (A) and a; € A. 



Formula 2J: implies that a(A(w)) = \{a(ui)) for all u> £ L l (A). Because a is multiplicative, it follows 
easily that a is multiplicative. Since a is a self adjoint mapping, proposition 8.32 of ]18[ implies that 
a{L\(A)) C L\{A) and that a(w)* = a(w*) for w G £*(A). 

So the restriction of a to £*(A) is a *-homomorphism from iJ(A) into L\(A). Therefore the universal 
property of A u implies the existence of a *-homomorphism a u : A u — > A u such that a u (A u (w)) = A u (a(w)) 
for all uj £ L\ (A) . This implies for every uj £ L\ (A) 

(fc<8>w)((a»<8u)(V*)) = a u ((t<8uO(V*))=a u (A u (w)) = A u (a(uO) 

= (t ® 5(w))(V*) = (t ® w)((l <g V*)V*(1 <g [/)) . 

Hence (a u ® i)(V*) = (1 ® V*)V*(1 <g 17). 

We can of course do the same thing for a -1 . This gives a *-homomorphism 7 U : A u — > A u such that 
(7u <8> 0( v ) = (! ® C/)V(1 (gi V*). Then it is clear that (-f u a u <g t)(V) = (a u 7„ ® t)(V) = V. From equation 
we conclude that 7„a u = a„7 u = i. Thus a u is an *-automorphism on A u . Moreover, 

(7ra u <g t)(V) = (tt ® t)((l <g CT)V(1 <g V)) = (1 <g> I7*)W(1 ® F) = (a <g i){W) = (cor ® t)(V) , 

hence a u 7r = 7ra by equation pTq. 

The *-automorphism /3 U is constructed in a similar way. Moreover, 

((o„ ® /3 U )A U <g t)(V) = (a. <g /3 U <g t)(Vi 3 V 23 ) 

= [(1 (g 1 (g 17*)Vis(l <g 1 <g V)] [(1 (g 1 (g U*)V 23 (1 <g 1 <g 10] = (1 (g 1 (g C/*)Vi3V 23 (l <g 1 <g V) 
= (1®1® U*){K (g t)(V)(l <g 1 ® V) = (A u i)((l ® J7*)V(1 <g V)) = (A u a u (g t)(V) 

and the last equation of the proposition follows. 



We want to use the same principle to lift the unitary antipode to the level of A,- 

Proposition 4.2 There exists a unique * -antiautomorphism R u on A a such that (i? u ® R){V) = V. We 
have moreover that R% — i, x(i? u <g i? u )A u = A u i? u and nR u = Rn. 

Proof : Denote the opposite C*-algebra of A u by A° and let 8 : A u — > A° be the obvious *- 
antiisomorphism. Then (0 <g R)(V) is a unitary element in M(A° (g A) such that 

(i(gA)(((9(gi?)(V)) = (t®x)(fl®fl®i?)(MA)(V)) = (i(gx)(6»(gi?(gi?)(Vi 3 Vi 2 ) 
= (t (g x)((0 <g A)(V)i 2 (0 ® A)(V)is) = (0 ® A)(V)i 3 (0 <g i?)(V)i 2 . 



Therefore proposition 2.16 guarantees the existence of a non-degenerate *-homomorphism 77 : A u 



M(A°) such that (?7® t)(V) = (6® R)(V). Define R u = 9 l rj, so R u is a non-degenerate *-antihomomor- 



phism from A u to M(A U ) such that (i? u (g i?)(V) = V. By equation 2.8, this equation implies that 

23 



R U (A U ) = A u . Because R 2 = t, we also conclude that (R 2 (g i)V = V which implies that R 2 — i. We have 
also that 

{xR n <g R)V = (tt®l)V = W = (R®R){W) = (Jfrr<8>-R)(V) , 

implying that 7ri? u = i?7r. ■ 



5 Left and right Haar weights of the universal quantum group 

We use the surjective *-homomorphism it : A u — > A to pull back the left and right Haar weights on (A, A) 
to left and right invariant weights on (A a , A u ). We prove that V is the multiplicative unitary naturally 
associated to the resulting left invariant weight on (yl u , A u ). In the last part, a converse of proposition 
4.1 is formulated. 



Proposition 5.1 We define iJj u = ipir. Then tp u is a proper weight on A u which has a GNS- construction 
(H,Tt,T u ) such that T u = Tn. 

Proof : Choose a, b £ M v and c G J\f^p. Then 

7r((t ® w A(a)]A(c . fe) )(V)) = (i ® w A(o)iA(c * fe) )(W) = (t ® ^j)(A(6*c)(1 <g a)) 

By result 2.6 of [^8J, we know that (t (g) <^)(A(&*c)(l (g) a)) belongs to TV,/,, hence 7r((t <g> tOA( a ),A(cb))(V)) 

belongs to J\f v . We conclude that (t <g cjA(a).A(cb))(V) belongs to A/^ u . 

Therefore equation 2.5 implies that A/" ¥ , u is dense in A u . So we get also that ir(AT Va ) is dense in A and 



because ip ^ 0, we conclude that <p u 7^ 0. ■ 

The obvious candidate for the left invariant weight on A u is introduced in the same way. The unitary 



antipode i? u introduced in proposition 4.2 will connect both weights 



Proposition 5.2 We define ip u = tpn. Then ip u is a proper weight on A u which has a GNS- construction 
(H, it, A u ) such that A u = An. Moreover, ip u = tp a R a . 

Notice that the last equality follows from the commutation 7ri? u = Rtt and the fact that ip = ipR. This 
last equality also implies that (p u is a proper weight. 

Since any *-homomorphism sends the open unit ball onto the unit ball of its image (in this case, A), 
the linear mapping ir* : A* — > A* : u> 1— ► lott is in an isometry. Also the Banach space ^4* has a Banach 
algebra structure with product A* x A* — > A* : {lu,0) h^ ujO = [w <g 0)A U . Therefore proposition (3.3[l 



implies that 7r* is an algebra homomorphism. Also notice that proposition B.4 implies that e u is a unit 
for the Banach algebra ^4* . 

Proposition 5.3 The set ir*(A*) is a two-sided ideals in A^. 

Proof : Take oj e A* and r/ e A* . Then we have for all x € A n that 

(ujTT*(r)))(x) = (w®7r*(7j))(A u (a;)) = (w <g r?)((t (g 7r)(A(a;))) = (w <g 77)(V*(1 <g tt(x))V) , 

which shows that ui)G it* (A*). So we have proven that it* (A*) is a left ideal in ^4*. By using the unitary 
antipode R u and the equality x(i? u <g -R„)A U = A u i? u , we see that 7r*(v4*) is a two-sided ideal in A*. ■ 

Since ip n = <y97r, -0 U = ^jtt and (7r (g 7r)A u = A7r propositions 6.2 and 6.3 of |lq| imply immediately the 
next result. 
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Result 5.4 Consider x G A+. Then the following holds 

1. If (lo v , v ® t)A u (x) G A4+ u /or a// u G 77, then x G A4+ u . 

2. 7/ (t (g) w VyV )A n {x) G Ml /or a// u G 77, tfiera « G A^. 

Now it is easy to prove the left invariance of tp^ . 
Proposition 5.5 The weight ip n is left invariant. 

Proof : Choose x G M.~t ■ Then ir(x) 6 M.~t- By the left invariance of ip, we see for every r\ G A* + that 
%((tt*(t])®i)A u (x)) = (r)®l)A{Tr(x)) £ M+ and (p{n((ir*(ri)®t)A u (x))) = 77(1) ^(vr(a;)) = 7r*(»7)(l) y u (a;). 

So (tt*(i]) i)A u (a;) belongs to A4+ u and 

^((7r*(tj)® t )A„(*)) =T*(*7)(1)V«(*) ■ (5.1) 



Now take u € (AA+. Choose 6* G A*,. By proposition 5.3, we know that lo-k*{0) G 7r*(A*) so the above 



discussion implies that (lutt*(9) (g t)A u (x) belongs to A41 and 

^ u ((w7r*(9)®t)A u (a;)) = (w7r*(0))(l)^ u (a;)= 0(1) w(l) <?„(») . 



But (7r*(0)<g>t)A u ((u;<gu)A u (x)) = (w7r*((9)<g t)A u (x). From result 5.4, we now infer that (w<g>t)A u (a:) G 






By taking 6* G A* + such that 0(1) = 1, equation 5.1 gives 



w(l) ^ u (jc) = <^ u ((wtt*(0) ® i) A u(x)) = ^ u ((tt*(6») <g A u((^ <g i)A u (x))) = ^ u ((w (gi i) A u(x)) . 

■ 

Since V> u = <PuRu and x(-^u ® ^u)A u = A U R U , we infer from the previous proposition that 
Corollary 5.6 The weight ip u is right invariant. 

Although the unitary corepresentation V was defined as the generator of a representation of L l (A), it is 
not so difficult to show that it is the unitary operator naturally associated to the left Haar weight </? u . 
We make use of the notations used in section 3.4 of |lq| . 

Proposition 5.7 We have for all a G A u and b G W Vu that V*(a ® A u (6)) = (t ® A U )(A U (6)) a. 

Proof : Since -0 U = ipir, ij) n is easily seen to be approximately KMS. Using proposition 3.21 of fig] , we 
define a unitary element V € £(A®73 (77)) = M(A®B (7J)) such that V(a<g)A u (b)) = (i® A U )(A U (6)) a 
for all a G A u and 6 G A/" Vu . We have for all w G A u , a, c G A u , 6, c! e A/" Vu that 

((awe* <g t)(V)A u (6), A„(d)) = w«V(a ® A u (b)),c $ A u (d))) 

= w(((t ® A u )(A n (6)) a, c ® A u (d))) = w((t <8 ¥>„)((c* ® d*)A u (o)(a ® 1))) 
= ^ u (d*(awc*®t)(A u (6))) = (A u ((au;c*<gi)(A u (6))),A u (d)) , 

implying that (w t)(V)A u (6) = A u ((w t)(A u (o))) for all w G A* and every 6 G A/^ u . (5.2) 

Due to the coassociativity of A u , this gives (u> (g t)(V) (0 (g> t)(V) = (0u> (g) t)(V) for all w, G A*. Hence 

(A u 000 = ^23^13. 

Equation [3^ a l so guarantees that (w 0((7r t)(V)) A(tt(6)) = A((w (g) i)A(7r(6))) for all b G A/" Pu . Since 
""(■A^J = -^p, we infer from result 2 - 10 of @ that ( n ® 00^*) = VK = (tt (g t)(V). Result |DI] allows to 
conclude that V = V*. ■ 
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Corollary 5.8 The slices ofV are determined by the following formulas: 

1. (w® fr)(V*) A u (a) = A u ((w<gs t)A u (a)) for all a £j\f Vu and cue A*. 

2. (K8>WA(a),A(6))(V) = («■ <E> y? u )(A u (6*)(l (g) a)) /or all a,b £ M Vn . 



We will use proposition 4.1 to lift the modular groups of <p and ip to canonical modular groups for <p u 



and ip u (the canonical nature will be discussed in remark 5.15 and proposition 3.3) 



We have for t £ 1R that cpcrt — vt f and iprt = v~ f ip. Define injective positive operators W and P on H 
such that W il A(a) = v~^ A(sr t (a)) and P u A(a) = v% A(r t (a)) for allieR and a £ J\f v . As a matter of 
fact, V is the modular operator of ip in the GNS-construction (H, i, Y). 

Proposition 5.9 There exists a unique norm continuous one-parameter group dj u on A n such that 

« ® t)(V) = (1 ® V" 4f )V(l <g> P~ lf ) 

/or a/Z £ € R. Furthermore, ~k&\ — o~tir for all t £ R. So ip u is a KMS weight with modular group ar" . 

Proof : Let te R. By proposition 6.8 of fig] , we know that (sr t ® t_ t)A = A«r t . Therefore the 
remarks before this proposition and proposition 4.1 imply the existence of a unique ""-automorphism <a\ 



on yl u such that {®\ (£> t)(V) = (1® V _I *)V(1 (g> P~ u ). By this same proposition, we know moreover that 

1T®^ = 0"t7T. 

So we get for all u> G B (H)* and i G R that 



Therefore equation 2.8 implies easily that the mapping R — > Aut(^4 u ) : t <— > <a\ is a norm continuous 



one-parameter group on A u . ■ 

Definition 5.10 We define the norm continuous one-parameter group c u on A n such that crj 1 = i? u <srt t i?, u 
for all t £ R. TTiera TrcrJ 1 = o"(7r /or all t £ R. 5o <y9 u is a ifMS 1 weight on A u with modular group <r u . 

The uniqueness of the Haar weights on the reduced level implies the uniqueness of the Haar weights on 
the universal level (see the end of remark 4.4 of |1$| !) 

Theorem 5.11 Consider a proper weight r\ on A u . Then 

• If r/ is left invariant, then there exists a number r > such that r\ = rip. 

• If rj is right invariant, then there exists a number r > such that n = rip. 



Now we formulate the converse of proposition 4.1. Together with proposition 4.1, it guarantees the 



existence of a bijection between bi-automorphisms on [A, A) and (A u , A u ). 

Proposition 5.12 Consider * -automorphisms a and (3 on A^ such that (a ® /3)A U = A u a. Then the 
following properties hold. 

1. ((3®f3)A u =A u f3. 

2. There exists a number r > such that tp u a = r (p u and (p n /3 = r(p n . 
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3. Define two unitary operators U ,V on H such that UA u (a) = r 2 A u (a(a)) and 
VA u (a) = r-i A u (/3(a)) for all a G J\f Vu . Then 

(a(g>L)(V) = {l(g>U*)V(l(g>V) and (ft ® t)(V) = (1 <g> V*)V(1 <8> V) . 

^. There exists unique * -automorphisms a T ,f3 I on A such that na T = na and irf3 = /3 r 7r. We have 
moreover that (a r <g> /3 r )A = Aa,. 

Thanks to theorem [5.11 , result 5A and corollary 5^ , the proofs of the first 3 statements are completely 



analogous as the proofs of the first 3 statements of proposition 4.1. It is moreover clear that Utt(x)U* = 
7r(a(jc)) and Vn(x)V* = tt(/3(x)) for all x £ A u , implying that U AU* = A and VAF* = A. Now define 
"■-automorphisms a r and /3 r such that a r (x) = Uxll* and /3 r (x) = VxV* for all x £ A. 

Corollary 5.13 Consider * -automorphisms 0.1,0.2 ^01, 02 on A a such that {a% <8> /3i)A u = A u a^ (i—1,2). 
If irai = ■nan, then a\ = a 2 and f3i = f3%. 

Proof : Fix i £ {1,2}. By the previous result, there exists a number Vi > such that </?„ aj = </? u A = 

_ j_ 
?"j<^ a . Define the unitary operators Ui, Vi on H such that C/jA u (a) = r^ 2 A u (aj(a)) and I^A u (a) = 

_x 
r i 2 A u (/3i(a)) for all a £ A/" Vu . We also know that there exist unique "-automorphisms a^, f3[ on A such 

_ 1 
that a'^K = irai, f3[-K = ir[3i. It is clear that ipa^ = tpf3' t = n<p and that UiA(a) = r i 2 A(a' i (a)) and 

ViA(a) = r~i A(#(a)) for all a £ M v . 

By assumption a[ — a' 2 , so U\ = U 2 - Also, 

K ® #)A = A«; = Aa 2 - (^ ® f3' 2 )A = (a[ ® /3 2 )A , 

implying that (<■ ® /3i)A = (t ® /3 2 )A. Therefore the density conditions in definition 0] guarantee that 
01 — 02 an d thus Vi — V 2 . Consequently, the previous proposition gives 

(ai ® t)(V) = (1 <g> E/?)V(1 ® Vi) = (1 <g> C/ 2 * )V(1 ® V2) = (a 2 ® 00-0 , 

thus ai = «2- Similarly, /3i =/?2- ■ 

Using the equality x(-R u <8> -R„)A U = A u i? u , we also get the following result. 

Corollary 5.14 Consider * -automorphisms oti,a,2}0i,02 on A u such that (Pi ® a»)A u = A u a^ (i—1,2). 
Ifircti = ~K<y,2, then ct\ = a 2 and f3\ = /3 2 - 

Remark 5.15 In this remark, we will discuss a first application of this result. Since <p u is not faithful in 
general, the modular group of y> u is not uniquely determined. By imposing an extra condition involving 
the comultiplication, it can be uniquely determined, e.g. in the following way. 

Consider a norm continuous one-parameter group a on A u such that 

1. a is a modular group for (p u . 

2. For every t £ R, there exists an automorphism fit on A^ such that (fit ® at) = A u at- 
Then a is equal to <r u . 

Because tp is faithful, its modular group a is uniquely determined. So we get that 7ra t = <7t7r = na^ for 



all tgft. But we have also that (Y t u <g> <r}*)A = Aa^ for all t £ ]R (see proposition 3.3). So corollary 5.14 
implies that a u = a. 
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6 The antipode of the universal quantum group 

In this section, we introduce the polar decomposition through its polar decomposition. The unitary 
antipode i? u appeared in proposition |4.2| . It is a *-antiautomorphism on A u such that ttR u — Rtt, R^ = l 
and x{R u ® Ru)A u = A U R U . 

We first lift the scaling group from the reduced to the universal level and then define the antipode using 
both the unitary antipode and the scaling group. In the last part, we easily establish the strong left 
invariance of <p u with respect to our antipode. 

Recall that we have for every (eR that (jt <g> Tt)A = Art, iprt = v~ l ip and P lt A(a) = v? A(rt(a)) for 
all a E J\f v . So proposition 4.1 implies the following one. 



Proposition 6.1 There exists a unique norm continuous one-parameter group r u on A u such that 

(r t u <g> t)(V) = (t P- lt )V{i P u ) 

for all (eR. 

Norm continuity follows in the same way as in the proof of proposition |5.9| . 

Referring to proposition 8.23 of Gq|, we see that t u is determined by the fact that (r t u f t )(V) = V for 



all t e R. Also recall from proposition 4.2 that (i? u R)(V) = V. 



Result 6.2 We have for allt gR iAoi r t u i? u = i?„ r t u . 

Proof : By the remarks before proposition 5.22 of Eg], we know that ft-R = Rr t . Hence 
(TtR u f t i?)(V) = V = (i? u T t u i?f t )(V) = (i? u r t u f t R){V) 



and the result follows from equation 2.8 



Proposition 6.3 1. The automorphism groups c u , ar u and t™ commute pairwise. 
2. We have the following commutation relations for all t € H: 

A u a\ = (r t u o-l) A A u <r| = («rj? (g) t^)A u A u r t u = (r t u r t u )A 

5. Lei i € R, i/ien 



¥>*Vt 


= v l (f u 


-0u 0-t ; 


= V * "0 


tPuTt 


= v~ l ip u 


fu n i -- 


= ^ _ * <£ 



Proof : Let us first comment on the equalities of statement 2. The two last equalities follow from 
propositions 4.1 , 5.9 and [ij. The first equality follows from the second equality, definition 5.10J and 



the equality x(i?„ R u )A n . The third statement is an immediate consequence of the corresponding 
statements on the reduced level (proposition 6.8 of pi). 



Since r and a commute, the formulas for V and P before proposition 5.9 imply that the operators P and 
W commute. So we have for all s, t E H that 

(r t u < t)V = (1 W- IS P- H )V(1 P lt p- ls ) = (10 p- 4 *V- 4;5 )V(l P~ is P u ) = (fir- r t u t)(V) , 



implying that r t u sr^ = «7g r t u . Combining this with definition 5.10| and result |6.2| , we see that <r u and r u 
also commute. 
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Now the first two equalities in the second statement imply for every s, t £ R that 

A u < a; = « t 4 u (g) r" s cr t u )A u = (r t u < a u t t"JA u = A u cr t u < , 



which by the injectivity of A u (see the remark after proposition 3.4) gives &l crj 1 = a\ m^. 



Although both the scaling group t u and the unitary antipode i? u arc defined in terms of their behaviour 
with respect to the unitary corepresentation V, they can be easily characterized using the projection 
■k : A u — > A and the comultiplication A u . 

Proposition 6.4 The following properties characterize i? u and r u : 

1. t u is the unique norm continuous one-parameter group on A^ such that 7rr t u = Ttit and (T t u £g>T 4 u )A u = 
A u 7? for all t £ R. 

2. R u is the unique * -antiautomorphism on j4 u such that ttR u = Rir and x(Ri ® -R U )A U = A U _R U . 



Proof : The statement about t u follows immediately from proposition 5.15 . Let us turn to the statement 
about R u . So let 9 be a "-antiautomorphism on A u such that ir9 — Rir and x(0 (g> 0)A U = A u 6>. Since 
V> = yi2, we can define an anti-unitary operator U on H such that C/T(a) = A(i?(a)*) for all a <G A/^. 
Because i?7r = tt#, this implies that -0u = Pu & an d f/r u (a) = A u (0(a)*) for all a G A/"^ u . 
Now take we A*. By corollary |5.8| , we get for all a £ A/^/, u that 



U*^- 1 <8> t)(V)*J7r o (o) = r-2 U*^' 1 <g) t)(V*)A u (0(a)*) 

= r~i t/*A u ((ZU6'- 1 ® i)A u (6»(a)*)) - r"i U*A u ($((i <g>u;)(A u (a))*)) 

where we used the equality x((9 <g> 0)A U = A u # in the last equality Hence, 

U*^' 1 (8) t)(V)*[/r u (a) = r u ((t (g) w)A u (a)) . 

But this equality has also to hold if 6 = R u , implying that 

U*^- 1 ® t)(V))*lT u (a) = U*(u>R u <g> i)(V))*t/r u (a) 



for all a € A/^ u . We conclude from this all that (w# x ® t)(V) = (wi? u ® t)(V). Therefore equation 2^ 
implies that uiO^ 1 = u>R u . So we get that R u = O^ 1 , thus R u = 6. ■ 



As in the case of reduced locally compact quantum groups, the antipode is defined through its polar 
decomposition. 

Proposition 6.5 We define the antipode S u = i? u r"j_ = r"j_i? u . The closed linear mapping S u satisfies 

2 2 

the following basic properties: 

1. S u is densely defined and has dense range. 

2. S a is infective and S^f 1 — R^t^ = t\ i? u . 

2 2 

3. S n is antimultiplicative : we have for all x,y £ D(S^) that xy £ D{S^) and S u (xy) = S vi (y)S n (x). 
I We have for all x £ D(S U ) that S u (x)* £ D(SJ and S a (S^(x)*)* = x. 

5. S' u 2 = r^ i . 
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6. 5 U R u = i?, u S u and S u r t u = r t u S u for all t£R. 
Since r t 7r = 7rr t u for all t g R and Rn = 7ri? u , we also get that 7TiS u C S'tt. 

In the next proposition, we show that the weight </?„ is strongly left invariant with respect to S u , In order 
to do so, we need to use the Tomita *-algebra 7^ u defined by 

%p n = { x £ A u | x is analytic with respect to c u and a\ (x) e J\f Vn (1 J\f* for all z g C } . 

Let V denote the modular conjugation for ip a in the GNS-construction (H,ir,A u ), i.e. V**A u (a) = 
A u (er t u (a)) for all t G R and a <G A/"^. 

For every x <G 7^ u and z£C, the element A u (ir) belongs to D(V lz ) and V lz A u (a:) = A u (cr£(a:)) (see e.g. 
proposition 4.4 of |i~5|]). 

Proposition 6.6 TTie antipode S a is characterized by the following properties: 

1. Consider a, b eA/^ n . Then (l <g> (p u )(A u (b*)(l <E> a)) e D(S U ) and 

S u ((l <g> (/> U )(A U (&*)(1 ® a))) = (i ® p u )((l 6*)A(o)) . 

2. 77ie set 

((t®^ u )(A u (6*)(l®a)) |o,6gA/" p J 

is a core for S u . 

Proof : 

1. Notice that (t(g) p u )(A u (j/*)(l <g> x)) = (t (g> Wa u (x),a u (»))(V) for all x,y € A/^ u . 
Take c,de 7^ u . Using proposition |6.3| , we get for all t £ 1R that 

T t u (( t ®w Au(c) , Au(d) )(V)) = r t u ((Kg>(/? u )(A u (<f)(l®c))) 

= r t "((t®^)(A(d*)(l8c))) 
= (t® V ' u )(A u K(d)*)(l® f T t u (c))) 

= (t<8WA u (<r-(c)),A u K(d)))(V) 
= (t0Wv«A a (c),V»A u ((J))(V) • 

So the remarks before this proposition imply that (i ® WA u ( c ),A„(d))(V) belongs to D(t^_ l ) and 

T:,((^WA u(C ),A u(d ))(v)) = (i®u; v i Au(c))V _x Au(d) )(v) . 

Therefore the equality (i? u (£> -R)(V) = V and the fact that R is implemented by J imply that 
(t(g) WA u (c),A a (d))C^) belongs to D(S U ) and 

4((«®«M^«)(V))=«i(('«« v i A . WiV -l A . w )(V)) - (,®o; JV _ Uu(d)jJV , Au(c) )(V) 

= (i ® W VJviA u (d),JviA u (c) )(V) = (^ W VA u (d*),A u (c*))(V) = (^W^fa^^ftAufc.))^) 
= (i<g>^ u )(A u (c)(l<g>CT^(cT))) = (i(g)y! u )((l®cf)A u (c)) = (t®W Au (c),A u (d))(V*) • 

Because A u (%p u ) is dense in H, the closedness of S u implies now easily for every v,w £ H that 
(t <8) Wo )tu )(V) belongs to D(5 U ) and 5 u ((t <8> w 0jU ,)(V)) = (t <8> W K , W )(V*). 

If we apply this with u = A u (a) and w — A u (6), statement 1. follows. 

30 



2. Proposition p.3| and equation [2.8| guarantee that the set under consideration is a dense subset of 
D(t^_ ± ) which is invariant under r u . Therefore the result follows e.g. from corollary 1.22 of p6|. 



Combining this with the equalities x(-^u <8> -R U )A U = A U R U and (p u R u = fa, we get the following result. 
Corollary 6.7 The antipode S u is characterized by the following properties: 

1. Consider a, b € N^. Then (fa <8> t,)((b* <8> l)A u (a)) € D(S U ) and 

S n ((fa <8> t)((b* ® l)A u (a))) = (fa ® t)(A u (6*)(a ® 1)) . 

2. TTie set 



( W-u ® t)((6* ® !) A u(a)) | o, 6 G M/, u ) 
is a core for S a . 



In the proof of proposition 6.6.1, we showed that the next corollary holds for all vector functionals. Since 
any element in Bq(H)* can be written as a norm convergent sum of vector functionals, the general result 
follows immediately from the closedness of S u . 

Corollary 6.8 Consider ui e Bq(H)*. Then (t®o;)(V) belongs to D(S U ) and 

S r u ((t®w)(V)) = (t®w)(V*) • 



Also notice that the set { (l ® w)(V) | u> € Bq(H)* } is a core for 5 U by proposition 6.6.2 



Remark 6.9 Let V be a unitary corepresentation of (A a ,A u ) on a C*-algebra C. Using the previous 
corollary (and the remark after it), proposition 3.2.2 and arguing as in the proof of proposition [2.14 , one 



gets for every weC that (t ® w)(V) € D(S U ) and 

5((t®w)(F)) = (t®w)(V*) • 
Here, S u denotes the strict closure of S u . 

As in the reduced setting, there exists also a characterization of the antipode solely in terms of the 
comultiplication. For this, we need some extra terminology (see the beginning of section 5.5 of flql ). 

So fix a C*-algebra B and an index set I. Then we define the following sets: 

1. MCi(B) = { x an /-tuple in M(B) \ (x*Xi) ie i is strictly summable in M(B) }. 

2. MRi(B) = { x an /-tuple in M(B) \ (xiX*)i e i is strictly summable in M(B) }. 

Both sets are vector spaces under pointwise addition and scalar multiplication. Elements of MCi(B) can 
be thought of as infinite columns, elements of MRj(B) as infinite rows. Notice that the "-operation gives 
you a bijection between MCi(B) and MRi(B). 

Let x € MRj(B) and y G MCi(B). Then (xi yi)i£i is strictly summable and the net ( J2i£j x i Hi )jeF(i) 
is bounded. 

Consider a second C*-algebra C and a non-degenerate *-homomorphism 9 from B into M(C). Then 

31 



1. Let x e MRj{B). Then (9(x t )) i€l belongs to MR r (C). 

2. Let y G MCi{B). Then (%;))j e / belongs to Md(C). 

Thanks to these comments, the sums appearing in the next two propositions are strictly convergent. The 
idea of considering elements a, b of the form described in the next proposition is due to A. Van Daele. 

Proposition 6.10 Consider a, b G A n such that there exist an index set I, p G MRi(A u ) and q G 
MCi{A a ) such that 

a® l = ^A u (pi)(l®&) and b®l = ^(l®p i )A u (q i ). 

iei iei 

Then a G D(S U ) and S u (a) = b. 

Proposition 6.11 Define C to be the set consisting of all elements a G A u such that there exist an 
element b G A u7 an index set I and p G MRx{A n ), q G MCi{A u ) satisfying 

TVien C is a core for S a . 

Thanks to the results proven in this section, the proof of the first proposition is completely analogous to 
the proof of proposition 5.33 of ]X8| |. The proof of the second one is similar to the proof of proposition 
5.43 of Cq]. Using the formula x(R^ ® fi E )A u = A u i? u , one gets a variation similar to proposition 5.33 of 
PI. 



7 The modular element of the universal quantum group 

As explained in section 7 of flq] , the modular element 5 of (A, A) is the unique strictly positive element 
affiliated with A such that at{S) = v* 6 for alH G R and ip = <p$. In this section, we lift <5 to a canonical 
strictly positive element 5 U affiliated to A u such that 5 U is the Radon Nikodym derivative of ip u with 
respect to tp u . The basic properties of this modular element of (A u , A u ) are proven. 

Proposition 7.1 There exists a unique strictly positive element 5 n affiliated with A u such that n(S n ) — S 
and A u (<5„) = 8 a ® 6 U . Moreover, 5 a ®6 = V*(l <E> S)V. 

Proof : Let t G R. We have that S u is a unitary element in M(A) such that A (<$**) = 8 il ® 8 U . 
Therefore, proposition 3.13 implies the existence of an element u t G M(A U ) such that n(ut) — S lt and 



A u (ttt) = u t ® u t . Applying i ® % to this equation and using proposition p.3j .2, we see that 

(1 ® 5 lt )V{\ ® 6~ u ) = V{u t ® 1). Hence u t {i ® w)(V) = (t ® <5- lt w(f f )(V) for all w G B Q (H)*. 

Using equation |2.8| , this implies that the mapping R — * M{A a ) : t i— * Uj is a strictly continuous group 

representation. By the Stone theorem for C*-algebras (see e.g. theorem 3.10 of pi), we get the existence 

of a unique strictly positive element <5 U affiliated with A u such that S^ = u t for JgM. 

Since clearly 7r(<5 u )" = S u , A u ((5 u ) lt = <S»* ® 5** and 5* <g> 5" = V*(l <g) <5 l *)V for all t G R, the claims of 



the proposition are satisfied by this <$ u . Uniqueness follows from result 3.11 



The element 6 U is called the modular element of the quantum group (A a , A u ). We list its basic properties 
in the next proposition. 
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Proposition 7.2 The following properties hold. 

1. r t u (<5 u ) = 8 n for te¥i and R a (8 u ) = 8' 1 . 

2. Let t G R. Then 8* belongs to D(S U ) and S a (8f) = 8~ u . 

3. cri'((5 u ) = <srl{8^ = v l 8 n for all t G R. 

4. ffi(o) = <5f <7j(a) 5~'* /or allteR and a G A u . 

5. -0u = (^u)(5 u a^rf T u = (A U ),5 U . 

Proof : 

1. Take t G i?. Then r t u (5 u ) is a strictly positive element such that tt(t^(8 u )) = Tt(7r(<5 u )) = r t (8) = S 
and A u (r t u (<5 u )) = (T t u ®T t u )A u (o" u ) = T t u (o" u )®T t u (o" u ). By definition of 6 U , this implies that T t u (o" u ) = S a . 
Similarly, one proves that i? u (<5 u ) _1 = 8 U . 

2. Follows immediately from 1. 



3. Take s,t G R. Applying &\ ® r 4 u to the equation 8 %s ® 5*' 
we get that 

,»(£«) ® # = ,»(#) ® r t u (C) = A u (^(«f s )) . 



A u (8™) and using proposition 6.3.2 



If we now apply 1 ® 7r to this equation, proposition 3.3.2 gives 

•rjJO^") ® <5 JS = V*(l ® n(<?t(S is )) )V = V*(l ® «r t ($*")) V = i/*"* V*(l ® <5*")V = z/ st #" ® S l 
implying that nr\ (81 s ) = v lst 8™ . 



Combining this with the fact that R U (8 U ) = 8 U l and definition 5.10, we also find that crl(8™) — 
v ist S is for all Sj t e R 

4. Fix t G R. Define the *-automorphism p on A such that p(x) — 8 lt r t (x)8~ lt for all x E A. By 
propositions 6.8 and 7.12 of Eg], we know that (p ® p)A = Ap and </5,o = </?. Define the unitary 



operator U on H such that C/A u (a) = A u (/?(a)) for all a G A/" v . Then proposition 4.1 implies the 
existence of a "-automorphism p u on A u such that (p u ® i)(V) = (1 ® t/*)V(l ® f). (7-1) 

Using propositions 6.8 and 7.12 of ]lq|, we get that (p®<ir t )A = A<p- t and (p®p)A = Ap. Arguing as 



in the proof of proposition [4.l|, this gives VF(£/®V rt ) = (!7®V li )W and W(J7(8)J7) = (J7® J7)W. 
Hence, (1 ® U*)W(1 ® 17) = (J7 ® 1)VF(J7* <g> 1) = (1 <g> W~ U )W(1 ® W lt ). Consequently the 
definition of A implies that U*xll = W~ lt xW lt for all x G A. Since V G A/(A, igi), we conclude 



from equation 7.1 that (p u ® t)(V) = (1 ® V lt )V(l ® V 1 *). Remember from proposition 5.9 that 
(dTj ® t)(V) = (1 ® V _It )V(l ® P~ lt ). So, arguing as in the proof of proposition 4.1, we get that 



((p u ® <)A U ® t)(V) = (A u <sr£ ® t)(V) , 

which as usual gives (p u ® sTf)A u = A u «ri? . Now define "-automorphisms a and /3 on A u such that 
/?(a;) = 8~ lt p u (x)8 zt and a(#) = <$ _J Vj(:r)<5 1 * for all x £ A u . Then the above commutation and the 
fact that A U (<5 U ) = <5„®o" u imply that (/3®a)A u = A u a. But we have also that (r t u ®crJ 1 )A u = A u cr^ 
and 7ra = TrerJ 1 (by proposition 7.12.5 of |lq| ). Therefore corollary [5.14 guarantees that crj 1 = a. 



5. By definition of 8, we have that ip = ipg. Therefore the next lemma implies that 

(</>u)(5 u = <^7r(5 u ) TT = ipsTr = 1p7t = 1p u . 

The equality T u = (A u )^ u is proven in a similar way. 
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Lemma 7.3 Consider a strictly positive element a affiliated with A u such that there exists a number 
r > such that crj'(a) = r* a for all t £ M. Then at(ir(oe)) = n(a) for all f eR, (^Oa — ¥?7r(a) tt and 

(Au)ir(a) = A OT ( a )7T. 

Proof : We will use the terminology of the first part of section 1.4 of p8|. So take an element iei u 
such that a; is a left multiplier of a 2 and iqj belongs to A/ Vu . Because <^7r = ip u , this implies that 
Tr(xai) £ A/" v . 

Recall that !r(% 5 ))^ is a core for 11(0)2 and 7r(a)2 (w(b)c) = Tr(a^b)c for all b £ D(a^) and c £ A. 
Then it is not so difficult to see that 7r(x) is a left multiplier of n(a) 3 and 7r(x) 7r(a) 5 = 7r(x a 5 ) G A/"<p. 
Hence 7r(x) belongs to A/" v , , and 

A Tr(a )(7r(x)) = A(7r(x)7r(a)^) = K{-k(xoi^)) = A u (xa?) = (A u ) Q (x) . 

Since such elements x form by definition a core for (A U ) Q , the closedness of A^.( a ) implies for every 
x e - / ^ (Vu)q that tt(x) G A/" v „ (a) and A 7r(Q , ) (7r(x)) = (A u ) Q (x). (7.2) 

As a consequence, y,r(a) 7r is an extension of (y u ) a . Define the norm continuous one-parameter group re 
on ^4 U such that n t (x) — a lt a^(x) a~ %t for all x £ A n and <Gfi. Then k is a modular group for (<p u ) a . 
But we have also that w(Kt(x)) = ir(a) lt <7t(7r(x))7r(a) -4 * for all x £ A u and t£fi. This implies that 
V7r(a) t is invariant under n. Therefore proposition 1.14 of [pL9|| guarantees that (f n ( a ) it — (ip u )a and thus 



also A„.( a ) 7r = (A u ) a by equation 72 



Since the weight ip u does not have to be faithful, the Radon Nikodym derivative of ^ u with respect to (p n 
does not have to be unique. By imposing an extra condition, the uniqueness is easily established. 

Proposition 7.4 Consider a strictly positive operator a affiliated with A u such that there exists a number 
r > such that cr^(a) = r a for all t G 1R and tp u — (</? u ) Q . Then a = 5 U . 

Since (ip a )s u = i>n — (fu)a, we get by proposition 8.41 of |15| that n(a) = tt(8 u ) = 5. Because A u (a) = 
a® a, the equality a = 5 n holds by the definition of (5 U . 

Let us end this section with a last missing commutation relation. Once we have proven this relation, we 
have shown that (A u , A u ) possesses the same rich analytic structure as (A, A) does. 

Proposition 7.5 We have for all t £ R that (crj 1 ® <i7 l ! t )A u = A u r t u . 



Proof : Choose x £ A u . Propositions p. 3 and 7.2 imply that 



«® ottXA.Oc)) = (t® crl t r t u )(A u (^(x))) = (r» ® T»)(A>"_ t (^(x)))) = A^r^x^')) 



Using the fact that A U (J U ) = 5 U <8> 5 n and proposition 7.2 once more, we infer from the previous chain of 
equalities that 

(^ ® ^_ t )(A„(x)) = (C lf <8> <T') (^ ® ^ t )(A u (x)) (£« ® O = A u (T t »(x)) . 
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